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Erasm Darwin, the nephew of the great scien- 
tist Charles Darwin, beheved that sometimes 
one should perform the most unusual exper- 
iments. They usually yield no results but 
when they do ... . So once he played trumped 
in front of tulips for the whole day. The ex- 
periment yielded no results. 

We introduce certain polynomials, so-called H.Weyl and H.Minkowski poly- 
nomials, which have a geometric origin. The location of roots of these poly- 
nomials is studied. 



1. H.WEYL AND H.MINKOWSKI POLYNOMIALS. 

Let M be a smooth manifold of dimension n: 

dim M = n, 

which is embedded injectively into the Euclidean space of a higher dimension, 
say n + p, p > 0. We identify M with the image of this embedding, so we 
consider M as a subset of M"^^: 
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For X G M, let Tsfj, be the normal subspace to M at the point x. J^x is an 
affine subspace of the ambient space R""*"^, 

dim Jix = P- 

For t > 0, let 

Dxit) = {y e : dist(y,x) <t}, (1.1) 

where dist{y,x) is the Euclidean distance between x and y. If the manifold 
M is compact, and t > is small enough, then 

^xi(t) n ^^^(t) = for xi G M,X2 e M,a;i ^ xa. (1.2) 
DEFINITION 1.1: The set 

^Tit) =^ U Dx{t) (1.3) 

is said to be the tube neighborhood of the manifold M, or the tube around 
M. The number t is said to be the radius of this tube. 

Is it clear that for manifolds M without boundary, 

TK;;+"(t) = {xe M"+P : dist(x, M) < t}, (1.4) 

where dist(x, M) is the Euclidean distance from x to M. Thus, for manifolds 
without boundary, the equality fll.41) could also be taken as a definition of 
the tube lM{t)- However, for manifolds M with boundary the sets %^^''{t) 
defined by (11.3!) and (11.4!) do not coincide. In this, more general, case the 
tube around M should be defined by (11. 3p . but not by (11.41) . Hermann Weyl, 
|Weyl] , obtained the following result, which is the starting point of our work: 

THEOREM [H.Weyl]. Let M, be a smooth compact manifold, without bound- 
ary or with boundary, of the dimension n: dimM = n, which is embedded in 
the Euclidean space p>l. 

I. Ift>Ois small enougl^, than the (n + p) - dimensional volume Vol„+p 
of the tube 'i^^'' (t) around M, considered as a function of the radius t 

^If the condition ()1.2p is satisfied. 
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of this tube, is a polynomial of the form 



VoU.Cr^;^'' (t) ) = u;,t^(Y: W2i,,m ■ t^M , (1.5) 

^ 1=0 ^ 

where 

= TxfTT) ^^-^^ 

is is the p- dimensional volume of the unit "p - dimensional hall. 



II. The coefficients W2«,p(M) depend on p as: 



= ^1^1"^ ^ • fe2KM) , 0</< f , (1.7) 



where the values fc2/fM), < / < [|], may be expressed only in terms 
of the intrinsic metriqj of the manifold M. In particular, the constant 
term t(;o,p(M) = fco(3VC) is the n-dimensional volume ofM: 

A;o(M) = Vol„(M). (1.8) 

H. Weyl, |Weyl| , have expressed the coefficients k2i{'M) as integrals of certain 
rather complicated curvature functions of the manifold M. 

REMARK 1.1 : In the case when M is compact without boundary and even 
dimensional, say n = 2m, the top coefficient A;2m(3V[) is especially interesting: 

hU^) = (27r)™x(M), (1.9) 

where x(M) is the Euler characteristic o/M. 

DEFINITION 1.2: Let M, be a smooth manifold, without boundary or with 
boundary, of the dimension n: dimM = n, which is embedded in the Eu- 
clidean space M""*"^, p > 1, and %^^''{t) is the tube of the radius t around 

M, dni). 



^That is the metric which is induced on manifold M from the ambient space i?"^ 
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The polynomial W^{t) which appears in the expression (11.51) for the vol- 
ume Vol„+p (^'^^M^'i't)^ '^f ^^^'^ tube: 

Yo\n+p Cr^]7'(t)) = ojpfP ■ W^it) for small positive t, (1.10) 
is said to he the H. Weyl polynomial of the index p for the manifold M. 



REMARK 1.2 : The radius t of the tube is a positive number, so the formula 
(ll.lOP is meaningful for positive t only. However the polynomial is de- 
termined uniquely by its restriction on any fixed interval [0,e], e > 0, and we 
may and will consider this polynomial for every complex t. 



DEFINITION 1.3 : Let M, be a smooth manifold of the dimension n: dimM = 
n, which is embedded in the Euclidean space M"^^, p > 1, and let be the 
Weyl polynomial ofM {defined by (O), ( iLTOi) ). 

The coefficients k2i{'M.), < I < [n/2] which are defined in terms of the 
Weyl polynomial by the equality 

are said to be the Weyl coefficients of the manifold M. 



REMARK 1.3: Often, the factor in (II. lip appears in a 'decoded' form: 

2-^r(f + 1) 1 

r(f + / + 1) (p + 2)(p + 4) ■■■ (p + 2/) ■ ^ 



1.12) 



REMARK 1.4: Defining the Weyl polynomials of the manifold M by 
(ll.lOp . we assumed that M is already embedded into R"+p. The tube around 
M and its volume are primary in this definition. So, in fact we defined the 
notion of the Weyl polynomial not for the manifold M itself but for manifold 
M which is already embedded in an ambient space. Moreover, we assume 
implicitly that from the very beginning the manifold M carries a 'natural' 
Riemannian metric, and that this 'original' Riemannian metric coincides 
with the metric on M induced from the ambient space M"+^. (In other words. 



4 



we assume that the imbedding is isometrical.) However, in this approach 
the 'original' metric does not play an 'explicite' role in the definition fll.ip - 
fll.lOP - fll.lip of the Weyl polynomial and the Weyl coefficients k2i{JvV). 

There is another approach to define the Weyl coefficients and the Weyl poly- 
nomials, which does not require an actual embedding M into the ambient 
space. Starting from the given Riemannian metric on M, the Weyl coeffi- 
cients k2i{l^) can be introduced formally, by means of the Hermann Weyl 
expressions for k2i{M.) in terms of the given metric on M. Then the Weyl 
polynomials Wj^{t) can be defined by means of the expression (11. lip . In this 
approach, the intrinsic metric of M is primary, but not the tubes around M 
and their volumes. 

If the codimension p of M equals on^, dimM = n, the Weyl polynomial is 
of the form: 

[-] 

VoW(T^;"^(t)) = 2t ■ Wl,{t) , W^{t) =±W2i{M) ■ t'\ (1.13) 

«=o 

where ^ 

= ^'^lll'l ^2/(M), 0</<[f]. (1.14) 

In (I1.13P the 'shortened' notation is used: W2i{y^) instead of W2i,i(M)- The 
factor 2t is the one-dimensional volume of the one- dimensional ball of radius 
t, that is the length of the interval [— t, t]. 

If the hypersurface M is orientable0, then the tube T]v((t) can be decomposed 
into the union of two half-tubes, say, T^(t) and T^(t). The half-tubes T^(t) 
and T;j^(t) are the parts of the tube ^uif) which are situated on the distinct 
sides of M. In particular, if the hypersurface M is the boundary of a set 
V : M = dV, then 

X+ (t) = TH(t) \ V, T3vt(t)=TM(t)nV. (1.15) 
•^In other words, M is a hypersurface in R"+^. 

^The orientation of the hypersurface M can be specified by means of the continuous 
vector field of unit normals on M. The half-tubes and T^(t) are the parts of the 

tube corresponding to the 'positive' 'negative' directions of these normals. 
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The (n + 1)— dimensional volumes Vol„+i(T3^(t)) and Voln+ii^Zj^it)) of the 
half-tubes also are polynomials of t. These polynomials are of the form[§: 

VoUi(2:+(t)) =tW+it), VoWiCI^(t)) =tWj^{t) , (1.16) 

where: 

[-] 

Wj^it) = j2^2im--t'' + -t E W2i+iiM)-t'\ (1.17a) 

1=0 1=0 

[f] 

Wj^it) = J2^2im-f'-t E W2i+iiM)-t^\ (1.17b) 

1=0 1=0 

and the coefficients W2i{M^) are the same that in f ll.l3p -( |1.14p . Unlike the 
coefficients W2i{'M), the coefficients W2i+i(M) depend not only on the 'intrin- 
sic' metric of the manifold M, but also on how M is embedded to ]R"+^. It 
is remarkable that when the volumes of the half-tubes are summed: 

2Wj^{t) = W^it) + W^it), 

the dependence on the way of embedding disappears. As it is seen from 
([TIT]), W^{t) = W + i-t), hence 

2WM{t) = W + {t) + Wj+i-t). (1.18) 

Remark also that the volumes of the half-tubes can be expressed only in the 
terms of the polynomial W^^: 

Vol„+i(T3^(t)) = t Wj^{ t ) for small positive t . (1.19a) 

Vol„+i(T]^(t)) = t IVtvI (-^) for small positive t . (1.19b) 

The theory of the tubes around manifolds is presented in [Grj . and to some 
extent in |BeGoj . Chapter 6, and in |AdTa] . Chapter 10. The comments of 
V.Arnold [Arn] to the Russian translations of the paper |Weyl| by H.Weyl 
are very rich in content. 

In the event that the hypersurface M is the boundary of a convex set V: 
M = dV, the Weyl polynomial Wj^ can be expressed in terms of polynomials 
considered in the theory of convex sets. 

^The equalities ()1.16p . (jl.lTp is one of the results of the theory of tubes around mani- 
folds. See [n7]. [B^ . [AdT^ 
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In the theory of convex sets the following fact, which was discovered by 
Hermann Minkowski, |Minll IMin2j , is of principal importance: Let Vi and 
V2 be compact convex sets in M". For positive numbers ti,t2, let us form the 
'linear combination' tiVi + ^2^2 of the sets V\ V2 (in the sense commonly 
accepted in the theory of convex sets). Then the n-dimensional Euclidean 
volume VolnitiVi + ^2^2) of this linear combination, considered as a function 
of the variables ti.t^, is a homogeneous polynomial of degree n. (It may be 
equal zero identically.) Choosing V as Vi and the unit ball of M" as V2, 
we conclude : 

Let V be a compact convex set in R", 5" be the unit ball ofW^. Then n- 
dimensional volume Vol„(V^ + tB"), considered as a function of the variable 
t G [0, 00), is a polynomial of degree n. 

DEFINITION 1.4: Let V, V G M", be a compact convex set. The polynomial 
which expresses the n-dimensional volume of the linear combination V + tB^ 
as a function of the variable t G [0, 00) is said to be the Minkowski polynomial 
of the set V and is denoted by My"(t).- 

(t) = Vo\n{V + tB"") , {t e [0, 00)). (1.20) 

The coefficient of Minkowski polynomial are denoted by mJf'CV): 

Mf(t)= E mf{V)t\ (1.21) 

0<fc<n 

// there is no need to emphasize that the ambient space is M", the shortened 
notation Myit), mkiV) for the Minkowski polynomial and its coefficients will 
be used. 

Of course, 

Mf (t)=Vol„«"(t)), 
where QJy"(t)) is t-neighborhood of the set V with respect to M": 

93f (t) = {x G M" : dist(x, V) < t}. (1.22) 

It is evident that 

mo{V) = Yo\n{V), and m„(V^) = Vol„(5"). (1.23) 
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If the boundary dV of a convex set V is smooth, then the (n — l)-dimensional 
volume ('the area') of the boundary dV can be expressed as 

rm{V)=YoK^i{dV). (1.24) 

For a convex set V, whose boundary dV may be non-smooth, the formula 
(OI]) serves as a defimUon of the 'area' of dV. (See [BoFfe] .31: [MmT] . § 24; 
|Web] . 6.4.) Let us emphasize that the Minkowski polynomial is defined for 
an arbitrary compact convex set V, without any extra assumptions. The 
boundary of V may be non-smooth, and the interior of V may be empty. In 
particular, the Minkowski polynomial is defined for any convex polytope. 

DEFINITION 1.5 : Let V, V C W, be a convex set. V is said to be solid if the 
interior of V is not empty, and non-solid if the interior of V is not empty. 

DEFINITION 1.6 : The n - dimensional closed convex surface M is the boundary 
dV of a solid compact convex set V : 

M = dV, V C . (1.25) 

The set V is said to be the generating set for the surface M. 

LEMMA 1.1 : // the closed n - dimensional convex surface M is also a smooth 
manifold, then the Weyl polynomial W^^ of the surface M and the Minkowski 
polynomial of its generating set V are related in the following way: 

2tW^it) = MT\t) - Mr'(-t). (1.26) 

PROOF OF LEMMA II. 1[ We assign the positive orientation to the vector 
field of exterior normals on dV. Let Tgy(t) is the 'exterior' half-tube around 
dV. For positive t, 

V + tB''+^ = VU%iy{t), 
Moreover the set V and T^y(t) do not intersect. Therefore, 

VoWi(\/ + t5"+i) = VoUi(l^) + VoWi(X+v.(t)). 

Hence, 

My{t)=Mv{Q) + tWj^{t), M = dV, 



8 



where is a polynomial defined in fll.l6p (with n replaced by n + 1: now 
dim V" = n + 1). Then also 

Mv{-t) =Mv{0)-tWj^{-t). 

Thus, f lTTQll . 

Mv{t) - Mv{-t) = VoUi(Xjv'(^)) + VoUiCIay W) , 

or 

My{t) - Mvi~t) = t + Wj^i-t)). 

The equality (11.261) follows from the last equality and from (ll.lSp . Q.E.D. 

Since the Minkowski polynomial is defined for an arbitrary compact convex 
set, the formula (11.261) can serve as a definition of the Weyl polynomial of an 
arbitrary closed convex surface, smooth or non-smooth. Even more, we can 
define the Weyl polynomial for the 'improper convex surface dV\ where V 
is a non-solid compact convex set. 

DEFINITION 1.7 : Let V, V G M"+^, be a compact convex set. The boundary 
dV of the set V is said to be the boundary surface ofV. The boundary surface 
of V is said to be proper if V is solid, and improper if V is non-solid. 

The following improper closed convex surface plays a role in what follow: 

DEFINITION 1.8: Let V, V G M", be a compact convex set which is solid 
with respect to M". We identify M" with it image MT' x by the 'canonical' 
embedding M" into M"+^, and the set V with the set \^ x considered as a 
subset ofW+^: \^ x C M"+^ The set VxO, considered as a subset ofW+^, 
is said to be the squeezed cylinder with the base V. 

REMARK 1.5 : The set VxO can be interpreted as a ' cylinder of zero hight' 
whose 'lateral surface' is the Cartesian product dV x [0, 0], and whose bases, 
lower and upper, are the sets V x (—0) and V x (+0): 

d{V X 0) = [{dV) X [0, 0]) U{V X (-0)) U{V X (+0)) . (1.27) 
'^The point x e M" is identified with the point {x, 0) E M"+^ 
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In other words, the boundary surface d{VxO) can be considered as 'the doubly 
covered' set V . In particular, 

dimd{VxO)=n. (1.28) 

and the nwrn^er Voln(V^x (—0))+Vol„(yx (+0)) = 2Voln{V) can be naturally 
interpreted as the 'n- dimensional area' of the n- dimensional convex surface 
(improper) diV x 0); 

Yo\n{d{y X 0)) = 2 YolniV) . (1.29) 

On the other hand, the equahty fll.24p . in which the squeezed cylinder l^xO C 
]^n+i piayg j-ole of the set K C M", takes the form 

Yo\n{d{V X 0)) = mf (V^ X 0) , (1.30) 

where m^'^^ (V x 0), A; = 0, 1, ... , n+1, are the coefficients of the Minkowski 
polynomial M'y'^^ [t) of the squeezed cylinder V x Q with respect to the 
ambient space M"+^ (See ^7^.) 

In section [TT] we prove the following statement, which appears as Lemma 
[mH there: 

LEMMA 1.2 : Let V be a compact convex set in , and 

Mf{t)= E mT{V)t' (1.31) 

0<fc<n 

be the Minkowski polynomial with respect to the ambient space M". Then the 
Minkowski polynomial M^^q (t) with respect to the ambient space M""*"^ is 
equal to: 

MT:o^{t)=tj: ^^^^^mT{V)tK (1.32) 

0<A:<n V 2 ' ) 

So, 

mr\v X 0) = 0, mllTiV x 0) = ^^^^^mfiV), k = 0,...,n. 
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In particular, mf^\V x 0) = 2mf{V). Since mf {V) = Vol„(\/), ffT^ . 

mf^\V X 0) = 2 Vol„(\/) . (1.33) 



The equalities ([L29D, (QUI) and (fL33|) agree. 

REMARK 1.6 : Any non-solid compact convex set V can be presented as the 
limit (in the Hausdorff metric) of a monotonic^ family {K}£>o of solid 
convex sets : 

V = lim Ve. 

Moreover, the approximating family {K}e>o of convex sets can be chosen 
so that the boundary d{Vs) of each set Vs is a smooth surface. Thus, the 
improper convex surface dV may be presented as the limit of proper convex 
smooth surfaces d{Vs) which shrink to dV : 

dV = lim d(Ve). 

DEFINITION 1.9 : Let V, V G M"+^, be an arbitrary compact convex set. The 
Weyl polynomial Wgy{t) of the convex surface M = dV , proper or improper, 
is defined by the formula (11.26!) . In other words, the Weyl polynomial t Wgy 
is defined as the odd part of the Minkowski polynomial M^^^ : 

t.Wiy{t) = '^M'';^\t), (1.34) 

where the notions of the even part and the odd part '^P of an arbitrary 
polynomial P are introduced in Definition 17.2! below. 



REMARK 1.7: In the case when the set V is solid and its boundary dV is 
smooth, both definitions. Definition 11.9! and Definition 11.2! of the Weyl poly- 
nomial Wqy, are applicable to dV . In this case both definitions agree. 

REMARK 1.8 : Why may be useful to consider improper convex surfaces and 
their Weyl polynomials? 

As it was remarked (Remark 11.61) . every improper convex surface dV is a 
''The monotonicity means that Vg' D V^" D V for e' > e" > 0. 
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limiting object for a family of proper smooth convex surfaces 9(V^). It turns 
out that the Weyl polynomial for this improper surface is the limit of the 
Weyl polynomials for this 'approximating' family {V"£}e>o of smooth proper 
surfaces. 

So the Weyl polynomials for the improper surface dV may be useful in the 
study of the limiting behavior of the family of the Weyl polynomials for the 
proper surfaces 5(V^) shrinking to the improper surface dV . In particular, 
see Theorem 12.71 formulated in the end of Section [21, and its proof presented 
in the end of Section [TTl 



Let M be an n - dimensional closed convex surface which is not assumed to 
be smooth, and V is the generating convex set for M: M = dV. Let M^"^^ 
be the Minkowski polynomial for V, defined by Definition ll.4[ According to 
Definition 11.91 the Weyl polynomial Wj^ is equal to 

WM= E rn2i+iiV)t'\ (1.35) 

0<i<[f] 

in other words, 

W2iiM)=m^i+^{V), 0</<[f], (1.36) 

where W2/(M) are the coefficients of the Weyl polynomial Wj!^, fll.l3p . of 
the n- dimensional surface M with respect to the ambient space M""*"^, and 
mfc(V^), A; = 2/ + 1, are the coefficients of the Minkowski polynomial M^y'^ : 

M^;^'(t)=VoUi(y + ti?"+^), M^;^\t)= E rn,{V)t\ (1.37) 

0<fc<n+l 



DEFINITION 1.10: Given a closed n- dimensional convex surface M, proper 
or not, M = dV, the numbers fc2/(M), < / < [|], are defined as 

k2i{M) = 2^^^^;^rnXl{V), (1.38) 

where m^'''^^ {V), k = 21 + 1, are the coefficients of the Minkowski polynomial 
^jgn+i j.^^ generating set V , (11.371) . The numbers k2i{dV), < / < | 
are said to be the Weyl coefficients for tfie surface M. 
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REMARK 1.9: According to Lemma ll.2|, in the event that the (improper) 
convex surface M, dimM = n, is the boundary of the squeezed cylinder (see 
Definition \1.8\) . that isifM = d{V x 0), where V C W^, the Weyl coefficients 
k2iiM), < / < [f], are: 

fc2/(M) = 2'+ir(/ + l)m^;(\/), (1.39) 

where m^{V), k = 21, are the coefficients of the Minkowski polynomial 
for the base V of the squeezed cylinder d{V x 0). 



REMARK 1.10: In the case when convex surface M, M = dV , is smooth 
and 'proper', that is the set V generating the surface M is solid, both defini- 
tions, Definition \1.10\ and Definition \1.3\ of the Weyl coefficients k2i{M.) are 
applicable. According to fll.13p - fll.14l) and fll.36l) - fll.38l) . in this cas^ both 
definitions agree. 

Note, that according to (11.241) . (see also Remark 11.51) . 

fco(M) = Vol„(M) (1.40) 
for every n - dimensional closed convex surface M. 



LEMMA 1.3: I. Let V, V C M", be a solid (with respect to compact 
convex set. Then the coefficients mf"{V), < k < n, of its Minkowski 
polynomial^ are strictly positive: mf" (V) > 0, < k < n . 

II. Let M. be a proper compact convex surface, dimM = n. Then all its 
Weyl coefficients k2i(M) are strictly positive: fc2z(M) > 0, < / < [|] . 

III. Let M be the boundary stxr/accjo/ a squeezed cylinder whose base V, 
dim V = n, is a compact convex set which is solid with respect to M". Then all 
its Weyl coefficients k2i{'M) are strictly positive: k2i{'M) > 0, < / < [|] . 



The statement I of Lemma 11.3! is a consequence of a more general statement 
related to the monotonicity properties of the mixed volumes. This will be 
discussed later, in Section [HI The statements II and III of Lemma 11.3! are 
consequences of the statement I and fll.38p . (11.390 . 

* Actually, the equalities (|1.14[) . (|1.36p served as a motivation for Definition 11.101 
^See (fT30| . (fOTIl . 
i°See Definition [LH] and Remark O 
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DEFINITIONl.il: Given a closed n - dimensional convex surface JVl, the Weyl 
polynomial of the index p, p = 1, 2, 3, . . . , for M zs defined as 

where the Weyl coefficients k2i{M.) are introduced in Definition 11.101 



Let us emphasize that in Definition 1 1 . 1 1 1 no assumption concerning the smo- 
othness of the surface M are made. We aheady mentioned that the defini- 
tions of the Weyl coefficients {£21 for smooth manifolds and for convex surfaces 
agree. Therefore, Definitions O-O ([OD-dllinD-dllll]) of the Weyl polyno- 
mial and the Weyl coefficients for a smooth manifold and Definition 11.111 of 
the Weyl polynomials for a closed convex surface agree if the convex surface 
is also a smooth manifold. 

We also define the W-^ of the infinite index. 



DEFINITION 1.12: Let M, dimM = n be either a smooth manifold, or a 
closed compact convex surface, and let k2i{'M), 1 = 0, 1, ... , [|], be the Weyl 
coefficients of M, defined by Definition 11.3! in the smooth case, and by Def- 
inition 11.101 in the convex case. The Weyl polynomial of the infinite index 
is defined as 

["] 

W^{t)=±k2i{M)-t'K (1.42) 
1=0 



REMARK 1.11 : In view of (fLT2|) . 

Therefore, the polynomial W'^{t) can be considered as a limiting object for 
the family ^W^{t)^ ^ ^ ^ of the Weyl polynomials of the index p: 

W^{t) = \imWl,{^t) . (1.43) 
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Thus, the sequence {W^\ _ of the Weyl polynomials, deg — 

<• Jp— 1,2,3,... 

2 I , as well as the 'limiting' polynomial Wj^ are related to any closed 
n - dimensional convex surface M. 

Weyl polynomials (and Minkowski polynomials in the convex case) reflect some- 
how intrinsic properties of the appropriate manifolds. On the other hand, there 
are known very distinguished and remarkable geometrical objects such as regular 
polytopes, compact matricial groups, spaces of constant curvatures, etc. Our 
belief is that the Weyl polynomials related to these geometric objects are of 
fundamental importance and possess interesting properties. These polynomials 
should be carefully studied. In particular, the following question is natural: 
What can we say about roots of such polynomials? 



2. FORMULATION OF MAIN RESULTS. 

In this section we formulate the main results of this paper about location of 
the roots of the Minkowski and Weyl polynomials related to convex sets and 
surfaces. 

Dissipative and conservative polynomials. We introduce two classes of 
polynomials: dissipative polynomials and conservative polynomials. In many 
cases the Minkowski polynomials related to convex sets are dissipative, and 
the Weyl polynomials are conservative. 

DEFINITION 2.1 : The polynomial M is said to be dissipative if all roots of 
M are situated in the open left half plane {z : Rez < 0}. The dissipative 
polynomials are also called the Hurwitz polynomials, or the stable polynomials. 

DEFINITION 2.2: The polynomial W is said to be conservative if all roots 
of W are purely imaginary and simple, in other words if all roots of W are 
contained in the imaginary axis {z : Rez — 0}, and each of them is of 
multiplicity one. 



THEOREM 2.1: Given a closed compact convex surface M, dimM — n 
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M = dV, let Wj^ be the Weyl polynomial of index 1 related to M, and 
let M^'^^ be the Minkowski polynomial related to the set V. 

If the polynomial M^^^ is dissipative, then the polynomial is conser- 
vative. 

The proof of Theorem 12.11 is based on the relation (11.261) . Theorem 12.11 is 
derived from (11.261) using Hermite-Biehler theorem. We do this in Section [71 

From (I1.43P it follows that if for every p the polynomial W^^ has only purely 
imaginary roots, than all the roots of the polynomial are purely imag- 
inary as well. In particular, all the roots of the polynomial are purely 
imaginary if for every p the polynomial is conservative. 

However, what is important for us that is the converse statement: 

LEMMA 2.1 : If the polynomial is conservative, then all the polynomials 
W^, p = 1, 2, 3, . . . , are conservative as well. 

Lemma 12.11 is the consequence of some Laguerre result about the multiplier 
sequences. Proof of Lemma [2.11 appeares in the end of Section [HI 

Keeping in mind Lemma 12. 1[ we will concentrate our efforts on the study of 
the location of the roots of the Weyl polynomial of the infinite index. 

The case of low dimension. In this section we discuss the Minkowski 
polynomials of convex sets V, V G MJ^ , and the Weyl polynomials of closed 
convex surfaces M, dimV" = n, for 'small' n: n = 2, 3, 4, 5. 

THEOREM 2.2 : Let n be one of the numbers 2, 3, 4 or 5, and let V, V G 

M", be a solid compact convex set. Then the Minkowski polynomial My" is 
dissipative. 

THEOREM 2.3 : Let n be one of the numbers 2, 3, 4 or 5, and let M be closed 
propel^ convex surface of dimension n. 

^^That is the generating set V is solid. 
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Then: 



1. The Weyl polynomial of infinite index is conservative. 

2. For every p = 1,2,3,... , the Weyl polynomial W;^ of index p is 
conservative. 

Theorem 12.21 and 12.31 are proved in section [TOl Proving these theorems, 
we combine the Routh-Hurwitz criterion, which express the property of a 
polynomial to be dissipative in terms of its coefficients, and the Alexandrov- 
Fenchel inequalities, which express the logarithmic convexity property for 
the sequence of the cross-sectional measures of a convex set. 

Selected 'regular' convex sets: balls, cubes, squeezed cylinders. 

For large n, the statements analogous to Theorems 12.21 and 12.31 do not hold. 
If n is large enough, then there exists such solid compact convex set^ V, 
dim V = n, that Minkowski polynomials My"^ are not dissipative, and the 
Weyl polynomials Wgy are not conservative. However, for some 'regular' con- 
vex sets V, like balls and cubes, the Weyl polynomials Wgy are conservative, 
and the Minkowski polynomial are dissipative in any dimension. 

Let us present the collection of 'regular' convex sets and their boundary 
surfaces which we are dealing with further. Such sets and surfaces will be 
considered for every n. 



The unit ball 5": 

5" = {x = (xi, . . . , x„) G M" : Yl l^fcl' < 1 }' (2-1) 



l<fc<n 



The squeezed spherical cylinder 5" x 0, 5" x C M' 
The unit sphere. 




(2.2) 



S^ = {X = (Xi, ... ,Xn, Xn+l) G R'^+^ : \^k\^ = ^ }, 



l<A:<n+l 



12 



'Very flattened ellipsoids can be taken as such V. See Theorem 12.71 
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in other words, the boundary surface of the unit bah: S*" = dB"^^^ , 

Vol„(^") = {n + l) VoUi(5"+i) . (2.3) 

The boundary surface of the squeezed spherical cyhnder d{B^ x 0) : 

Vol„(9(5" X 0)) = 2 Vol„(5") . (2.4) 

The unit cube Q": 

Q"" = {x= (xi, . . . , x„) e : max \xk\ < 1 }, (2.5) 

l<k<n 

Vol„(g") = 2". (2.6) 

The squeezed cubic cyhnder x 0, x C M"-"*"^. 
The boundary surface of the unit cube: 

Vol„(9Q"+i) = (n + l)VoUi(g"+i). (2.7) 

The boundary surface of the squeezed cubic cyhnder (9((5" x 0): 

Vol„(9(Q"xO)) = 2Vol„(Q"). (2.8) 

The location of roots of the Minkowski and Weyl polynomials 
related to the 'regular' convex sets. 

Let us state the main results about location of roots of the Minkowski poly- 
nomials and the Weyl polynomials related to the above mentioned 'regular' 
convex sets and their surfaces. 

THEOREM 2.4 : For every n = 1, 2, 3, . . . : 

1. The Minkowski polynomial M'f^Z related to the hall 5" is dissipative, 
moreover all its roots are negativJ^. 



^This part of the Theorem is trivial: M^l{t) = (1 + ty 
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2. The Minkowski polynomial M^"^q related to the squeezed spherical 
cylinder B"- X is of the forn^ M^T^^Q^t) = t- D^Z^^Q{t) , where the poly- 
nomial D^Zy^Q is dissipative. If n is large enough, then the polynomial 
^B"xo ^^'^ non-real roots. 

3. The Minkowski polynomial Mq" related to cube is dissipative, more- 
over all its roots are negative. 

4. The Minkowski polynomial MqII^q related to the squeezed cubical cylin- 
der g" X of the fornM M^Zl'^it) = t ■ D^T^'^it), where the polyno- 
mial -Dq" xo ^'^ dissipative, moreover all roots of the polynomial DqZ^^q 
are negative. 



THEOREM 2.5 : For every n = 1, 2, 3, . . . : 

1 . The Weyl polynomials W^„+i (t) of infinite index, as well as the Weyl 
polynomials Wg^„+i{t) of arbitrary finite index p, p = 1, 2, . . . , related 
to the boundary surface of the ball B'"'^^ are conservative. 



2. The Weyl polynomials M^/(Bnxo) ^/ orfiero p = 1, p = 2 and p = 4 
related to the boundary surface of the squeezed spherical cylinder 5" x 
are conservative. 

3. The Weyl polynomials W^n+i{t) of infinite index, as well as the Weyl 
polynomials WQQr,+i{t) of arbitrary finite index p, p = 1, 2, . . . , related 
to the boundary surface of the cube Q"^^ are conservative. 

4. The Weyl polynomials W^Qny^Q-jit) of infinite index, as well as the Weyl 
polynomials W^a(Qnxo)(^) ^/ arbitrary finite index p, p = I, 2, ... , re- 
lated to the boundary surface of the squeezed cubic cylinder x are 
conservative. 

REMARK 2.1 : The roots of the Weyl polynomial Wg^n+i can be found explic- 
itly. Indeed 

W'eBM^t) = VoUi(i?"+^)i^((l + zt)"+i - (1 - . 



-"^^ The factors t appears because the set i?" x is not sohd in R"+^. 
The case p — 3 remains open. 
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Changing variable 



71 



71 



t ^ if : 1 + it = \1 + it\e '^,t = tg(p , < 93 < - , 

we reduce the equation Wg^n+i (it) — to the equation 

sin (n + 71 71 

sm (fi 2^2 



The roots of the latter equation are: 

kTT 



'n' 


< A; < 


'n' 






.2. 




.2. 



n + 1' 

So, the roots t^ of the equation Wq^^+i (it) = are 



n+l' 



< A; < 



In particular, the polynomial Wg„ is conservative. 
Negative results: 

THEOREM 2.6: Given an integer p, p>5. If n is large enough: n > N{p), 
then the Weyl polynomial Wg^^n^f^-^ is not conservative: some of its roots do 
not belong to the imaginary axis. 



For an integer : g > 1, let E^^q^^ be the n + g- dimensional ellipsoid: 
En,q,e = {{xi, ^2, . . . , x^, . . . , X„+g) G R"+« : ^ {xj/ajf < 1}, 

0<j<n+q 

(2.9a) 

where 



1 for 1 < j < n, ttj = e for n+l<j<n + q. 



(2.9b) 



THEOREM 2.7: 

1. Given an integer q : 5 < q < oo. If n is large enough:n > N{q), 
and e is small enough: < e < e{n, q), then the Minkowski polynomial 



M 



pn + q 



is not dissipative: some of its roots are situated in the open 



right-half plane. 
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2. Given an integer p and an odd integer q: p > 1, g > 1, p+q > 6 . If n 
is large enough: n > N{p, q), and e is small enough: < e < e{n^ p, q), 
then the Weyl polynomial ^ ^ is not conservative: some of its roots 
do not belong to the imaginary axis. 



Proof of Theorem 12.71 is presented in Section [TTl 



3. THE EXPLICIT EXPRESSIONS 
FOR THE MINKOWSKI AND WEYL POLYNOMIALS 
RELATED TO THE 'REGULAR' CONVEX SETS. 



Hereafter, we use the following identity for the T- function: 
r(c + 1/2) r(c + 1) = 7r^/'2-''^r(2C + l) , vc G C : 2C ^ -l, -2, -3, . . . . 

(3.1) 

Let as present explicit expressions for the Minkowski polynomials related 
to the 'regular' convex sets: balls, cubes, squeezed cylinders, as well as the 
expression for the Weyl polynomials related to the boundary surfaces of these 
sets. The items related to balls are marked by the symbol O, the items 
related to cubes are marked by the symbol □. 
©The unit ball 5". 

Since 5" + = (1 + t)fi" for t > 0, then, according to fOD . 

M^:{t)=Vo\niB^)-il+t)\ (3.2) 



or 

M«:W^VoUB") (3.3) 

Thus, the coefficients of the Minkowski polynomial for the ball 
are: 

??l 1 

mf(S")=Vol„(S")-^^^--, 0<k<n. (3.4) 
©The squeezed spherical cylinder 5" x 0. 

The Minkowski polynomial for the squeezed spherical cylinder B"' x is: 
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The expression fl3.5l) is derived from fl3.3l) and fll.3ip - fll.32l) . (See Lemma 

O) 

Thus, the coefficients of the Minkowski polynomial M^^^o squeezed 
spherical cylinder 5" x are: 



(5" X 0) = 0, m^;Y (5" x 0) = 

n! 7rV^r(| + 1) 1 
(n- A;)! ■ r(^ + l) A;! 



Voln(i?")-7:— 7:^--^;7FPT^^r7> 0<k<n. (3.6) 



©The unit sphere = 95"+^ 

According to (11.381) and (13. 4p . the Weyl coefficients of the n- dimensional 
sphere S"" = dB"^^^ are: 

1 1 

fc2z(ai?"+^)=VoU(5i?"+^)-^^^-^--^, 0</<[f]. (3.7) 

Thus, the Weyl polynomials related to the n- dimensional sphere are: 
W^9WW=Vol„(afi"+i)- 

n\ 2-'r(| + i) 1 /t^y 

■§(;rr^'r(f+Ul)'/!A2"j' ^'=1'2,.... (3.8) 

Ty,-....(t)^VoU.i^-).|^.i.9'. (3.9) 

O The boundary surface 9(5" x 0) of the squeezed spherical cylinder 5" x 0. 

According to (11.390 and (13. 4p , the Weyl coefficients of the n- dimensional 
improper surface d{B^ x 0) are: 



k2i{d{B^ X 0)) = VoU(9(i?" X 0)) ■ j—^, ■ Try, < / < [f ] 



n\ r(l/2) 1 

(n -2/)! ' r(/ + l/2) 2* 

(3.10) 

Thus, the Weyl polynomials related to the (improper) surface d{B'"' x 0) are: 



W^aVxo)W=Vol„(a(i?"xO))- 

f n! 2-^r(f + i) r(i/2) 

U{n-2i)\ r(f + / + i) r(/ + i/2) ^ i-^-^^J 



22 



Vl'.V..o,W=Vol„(a(i;»«xO)).g^^.^i±^.(-) . (3.12) 

□ The unit cube Q"- 

The Minkowski polynomial Mq" is: 

MrW.Vo,„WT£^^(f)%'. (3.13, 

The expression (13.131) is obtained in the following way. The n- dimensional 
cube is considered as the Cartesian product of the one- dimensional cubes: 

Q" = X ■ ■ ■ . 

For n = 1, the Minkowski polynomial is: MQi(t) = 2(1 + t) . Then the rule is 
used how to express the Minkowski polynomial of the Cartesian product in 
terms of the Minkowski polynomials for the Cartesian factors. (See details 
in Section [T^) 

Thus, the coefficients of the Minkowski polynomial for the cube are: 
™f(Q")^VoUQ").(^.f^(f)\ 0<.<„. (3.14) 

□ The squeezed cubic cylinder x 0. 

The Minkowski polynomial Mq"^q is: 

M^VM - VoUQ") ■g^^ („!',),r(4':\)„ (f)^''- ■ (3.15) 

The expression (13.151) is derived from (I3.13P and (ll.3ip - p.32p . (See Lemma 

O) 

Thus, the coefficients of the Minkowski polynomial MqI'^q for the squeezed 
cubic cylinder are: 

m;"*'((3»x0)=0, m»;;'((3"x0) = 

-VoUQ")■^■f^^(^^)^ o<.<„. (3.16) 
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□ The boundary surface dQ"'~^^ of the unit cube Q""*"^- 

According to fll.38p and fl3.14p . the Weyl coefficients of the n- dimensional 
surface dQ^'^^ are: 



{n-2l)\ 

21+1 



1 1 /^/7^^2'+l 

ttT)«('f) • "^'^Bl- (3.17) 



r(/ + i + i)2'/! 

Taking into account the identity r(/ + 1 + 1) ■ r(/ + 1) = 7ri/22-(2'+i)r(2/ + 2), 
which is the identity (13.11) for ( = I + 1/2, we can transform (13.171) to the 
form 

ril 1 /7r\ ' 

fe,(9CJ»«) = VoWQ"-') ■ ■ (2) . < i < [fl . (3,18) 

Thus, the Weyl polynomials related to the n- dimensional surface dQ"^~^^ are: 

l^aV+i(t)=Vol„(9g"+^)- 

[tl ^1 2"'r(2 + l) 1 fnt'^y 
■ § - 2/)! ■ r(f +'/ + 1) ■ {21 + 1)\'[TJ' P=1'2,---- (3.19) 

w,-,.Mt) - vou^g--) . I ^ ■ • (1^)' ■ (3-20) 

□ The boundary surface d{Q'^ x 0) of the squeezed cubic cylinder x 0. 

According to (11.391) and (I3.14p . the Weyl coefficients of the surface (improper) 
a(g" X 0) are: 



k2i{dQ'' X 0) = Voln(9g" X 0) 



(72-2/)! 

TT 1 /TT^ ' 



r(/ + i)/!2' V2 



0</<[t]. (3.21) 



Using the identity r(/ + l/2)r(/ + l) = ^/n2''^^T {21 + 1) , which is the identity 
(13.11) for C = I, the equality (13.211) can be transformed to the form 



fc2/(9g" X 0) = voi„(5g" X 0) ■ ^^^-^ ■ (^ U ^ ' ° - ^ - tt] • (3-22) 

24 



Thus, the Weyl polynomials related to the improper n- dimensional surface 
a(g" X 0) are: 



^a;Q"xo)W=Vol„(9(Q"xO))- 

^ n\ 2"'r(f + 1) 1 /vrt^y 

■ ^oK^^' r(| + / + l) ■ MI ■ l^J ' (3-23) 

= Vol„(S(Q" X 0)) . E • ■ (-) ■ (3.24) 



4. WEYL AND MINKOWSKI POLYNOMIALS 

OF 'REGULAR' CONVEX SETS 
AS RENORMALIZED JENSEN POLYNOMIALS. 

To investigate directly a location of roots of the Minkowski polynomials M^" , 
M^""xo, M^l, M^Z', and Weyl polynomials W^.^+i, Wg%„^,^, Wg^^^,, 
^d{Q"xo) ^ /inzie n is difficult. It turns out that it is much easier to 
investigate first a location of roots of the entire functions which are the lim- 
its of the (renormalized) Minkowski and Weyl polynomials as — > cxd, and 
then to deduce properties of roots of the original Minkowski and Weyl poly- 
nomials from properties of these limiting entire functions. 



Jensen polynomials. From the explicit expressions (13.31) . (13.51) . (I3.13p . 
( I37[5D for the Minkowski polynomials and (E^D, (EH), (Km . (13A2D . (I319ll . 
(I3.20p . (13.231) . (I3.24P for the Weyl polynomials we notice that each of this 

expressions contains the factor — -, which is 'a part' of the binomial 

[n — ky. 

coefficient (j^ . The factorial ratio can be presented as 

- fl-^).,/. l<k<n. (4.1) 



n — k)\ \ nj \ nj \ n 
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DEFINITION 4.1: 

1. Given a formal power series f : 

f{t)= y: ^itK (4.2) 

0<l<oo 

We associate with f the sequence of the polynomials 3n{f]t), n = 
1,2,3,... : 

n' 1 

0<(<n \ ' 

or, decoding the factor 

3n{f;t) = ao+ E (4-4) 

l<l<n 

The polynomials 3n{f', t) are said to be the Jensen polynomials associated 
with the power series f. 

2. Given a function / holomorphic in the disc {t : \t\ < R}, where R < 
oo, we associate the sequence of the Jensen polynomials with the Taylor 
series fl4.2p of the function f according the rule fl4.3p . We denote these 
polynomials by 3n{f]t) as well and call them the Jensen polynomials 
associated with the function f. 

3. The factors 

Jn,0 = l, Jn,. = l(l-^),(l-|) ■■• l<k<n, 

jn,k = 0, k> n, (4.5) 

are said to be the Jensen multipliers. 

Thus, the Jensen polynomials associated with f of the form (14. 2 p can 
be written as: 

dnif;t)= J2 Jn,i-ait'. (4.6) 

0<<oo 

Since jn,k — »■ 1 as A; is fixed, n ^ oo , the following result is evident: 
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LEMMA 4.1 (The approximation property of Jensen polynomials.) : 

Given the power series (14 ■2p . then: 

1. The sequence of the Jensen polynomials 3n{f]t) converge to the series 
f coefficients-wise; 

2. // moreover the radius of convergence of the power series (14.21) is pos- 
itive, say equal to R, < R < oo, then the sequence of the Jensen 
polynomials 3n{f]t) converge to the function which is the sum of this 
power series locally uniformly in the disc {t : |t| < R}. 

The approximation property in not specific for the polynomials constructed 
from the Jensen multipliers jn,k- This property holds for any multipliers jn,k 
which satisfy the conditions 

Jn k ^ 1 k is fixed, n oo , and are uniformly 
bounded: sup \jn,k\ < c)0 . What is much more specific, that for some /, the 

k,n 

polynomial dn{f', t) constructed from the Jensen multipliers jn,k preserve the 
property of / to possess only real roots. In particular: 

THEOREM [Jensen] : Let f be a polynomial such that all its roots are real. 
Then for each n, all roots of the Jensen polynomial 3n{f, t) are real as well. 

This result is a special case of Schur composition theorem [Schul] . Actually, 
Jensen, |Jenj . obtained a more general result in which formulation / can 
be not only a polynomial with real roots, but also an entire function which 
belongs to the so called Laguerre-Polya class of entire functions. We return 
to this generalization later, is Section [51 Now we focus our attention on 
representation of the Minkowski and Weyl polynomials as Jensen polynomials 
of certain entire functions. 

The relation as well as the expressions (13. 3p . (13. 5p . (13.131) . (13.150 for the 
Minkowski polynomials suggest us how the Minkowski polynomials should 
be renormalized so that the renormalized polynomials tend to a non-trivial 
limit as n ^ oo. 
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Entire functions which generate the Minkowski polynomials for 
balls, cubes, spherical and cubic cylinders. Let us introduce the infi- 
nite power series: 



(4.7a) 



0<fc<oo 



0<fe<oo 



r(i + i)r(| + i) 1 
r(Mi + i) k\ 



(4.7b) 



A^Q-xo(t) = Y 



0<fc<oo 




r(^ + l)A;!V 2 J 



(4.7d) 



(4.7c) 



0<fc<oo 



The series (14. 7p represent entire functions which grow not faster than ex- 
ponentially. More precisely, the functions A4b°° and AiB°°xo grow exponen- 
tially: they are of order 1 and normal type, the functions A^q=o and AiBQ°°xo 
grow subexponentially: they are of order 2/3 and normal type. 

With each of the entire functions (14. 7p we associate the sequence of polyno- 
mials which are the Jensen polynomials associated with this entire function: 



From the expressions (13. 3p , (13.50 , (13.130 , (13.150 for the Minkowski polynomi- 
als it follows that they are related to the above introduced polynomials (14.81) 
as: 



MB"it)=3niMB^;t) , 

■MB'^xoit)=3n{-M.B°°xO',t) , 

MQn{t)=dn{MQ^;t) 

-^Q"xo(^)=3n(-^Q°°xO; t) ! 



(4.8a) 
(4.8b) 
(4.8c) 
(4.8d) 




(4.9a) 
(4.9b) 
(4.9c) 
(4.9d) 
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The polynomials ■M.b^xo, ■M.qu, A^q^xo can be interpreted as renor- 

malized Minkowski polynomials respectively. We take the equalities (14.91) 
as the definition of the renormalized Minkowski polynomials A4b", -Mb^xo, 
Qnxo ill terms of the 'original' Minkowski polynomials M^„, M^„^g, 
ivign, ana iviq„^q,. 

From the approximative property of Jensen polynomials and from (14. 8 p it 
follows that 

Ms^it) Ms^it), MB"xo{t) Ms^xoit), MQn{t) Mq^it), 

Q^xoit) as n ^ oo . (4.10) 

This explains the notation (14. 7p . 

We summarize the above stated consideration as the following 



THEOREM 4.1 : Let {V"'} be one of the four families of convex sets: {-B"}, 
{5" X 0}, {Q"'}, {Q"' X 0}. For each of these four families, there exists 
the single entire functior^ A4v°° such that in every dimension n, the renor- 
malized Minkowski polynomials Aiv", defined by (14. 9p . are generated by this 
entire function M. yoa as the Jensen polynomials '^n{-M.v°°) ■ the equalities 
(USD hold. 

Entire functions which generate the Weyl polynomials for the sur- 
faces of balls, cubes, spherical and cubic cylinders. Let us introduce 
the infinite power series: 



oo 



>^aVW=Ewir^^-^(-T7), P=l,2,...; (4.11a) 



z=or(f + / + i) 11 

°° 1 / t^xi 



it) f ^"^(1 + 1) r(i/2) / ty . 

(4.11c) 

>V«'&..„,W^gj^.(-f)'; (4.11d) 



^The symbol means {B°°}, x 0}, {Q°°} or {Q°° x 0} respectively, 
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toTd + ^ + l) (2/ + 1)! I 2 j' 

(4.11e) 

»^/,«^x.,W-gf(|^-(^-(--). P-1.2....; (4.ug) 



1=0 



(2/)! V 2 



The series (14. lip represent entire functions. The functions ( 14.11bp and fl4.11dp 
are of order 2 and normal type, the functions (14.1 lap . fl4.11cp . fl4.11fp and 
fl4.11hp are of order 1 and normal type, the functions fl4.11ep and (4.11g) are 
of order 2/3 and normal type. 

With each of the entire functions (14. lip we associate the sequence of polyno- 
mials which are the Jensen polynomials associated with this entire function: 



>V^B"+iW=52K2](W^B-;t), 1 <P< oo; (4.12a) 

>Va(B"+ixo)W=52K2](W^(Bocxo);i), 1 <P< oo; (4.12b) 

WaQ"W=a2K2](W^Qoo;t), 1 <p< oo; (4.12c) 

>^a(Q"xo)W=a2[n/2](W^(Q^,o);^). 1 < p < OO . (4.12d) 

From the expressions ([S3D, dSH), fIXTT]) . flXT^ . (TOD , fl^ . (K^ . (IX^ . 
for the Weyl polynomials it follows that they are related to the above intro- 
duced polynomials fl4.12p as: 

) = Vol„ (55"+i ) ■ W|^„+i (mt ) ; (4. 13a) 

W^I(B"xo)(i) = Vol„(9(i?" X 0)) ■ W^(^„,o)(^^^) ; (4-13b) 

W|Q„+i(t)= Vol„(5g"+i) ■>V^Q„+i(mt); (4.13c) 

W^aVxo)(^) = Vol„(9(g" X 0)) ■ W^(Q„,o)(mt) ; (4.13d) 

The equalities fl4.13p hold for all n : 1 < n < oo, p : 1 < p < oo. 

The polynomials >V|^„+i, >V|(5„xo)' "^ag^+i' "^a(Q"xo) t)e interpreted as 
renormalized Weyl polynomials. We take the equalities (I4.13P as the definition 



30 



of the renormalized Weyl polynomials Wg^„+i, V^qi^b^xo)' ^9Q"+1' ^e{Q"xo) 
in terms of the 'original' Minkowski polynomials Wgg„+i, ^^^(Bnxo)? ^9Q"+1! 

From the approximative property of Jensen polynomials and from (14. 121) it 
follows that for every fixed p, 1 < p < oo, 

>VlQ.+i(t) - >VgQoo(t),>V^(Q„,o)W - >V^(Q^,o)W as n oo. (4.14) 
This explains the notation (14. lip . 

We summarize the above stated consideration as the following 

THEOREM 4.2 : Let {M"} be one of the four families of n- dimensional con- 
vex surfaces: {(95"+^}, {9(5" x 0)}, {Sg^+^j, {9(g" x 0)}. For each of 
these four families, and for each p, 1 < p < oo, there exists the single entire 
functior^ Wy^oo such that in every dimension n, the renormalized Weyl poly- 
nomials yVyfin, defined by (14.131) . are generated by this entire function W^cx, 
as the Jensen polynomials J2[^/2](W^cx)). 



5. ENTIRE FUNCTIONS OF THE HURWITZ 
AND OF THE LAGUERRE-POLYA CLASS. 
MULTIPLIERS PRESERVING LOCATION OF ROOTS. 

Hurwitz class of entire functions. 

DEFINITION 5.1: An entire function H is said to be in the Hurwitz class, 

written H E'K, if 

1. H ^ 0, and roots of H have negative real part: if H{() = 0, then 
ReC < 0. 

2. The function H is of exponential type: lim '"^^f^f^-*^ < oo, and its defect 



''The symbol means {5°°}, {B°^ x 0}, or {Q°° x 0} respectively, 
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dn is non-negative: > 0, where 

2dH= IS Iil™ - IK ]ltMzl)\, (5.1) 

1 — >+oo r— »+oo 

The following functions serve as examples of entire functions of class IK: 

a) . A dissipative polynomial P{t). 

b) . An exponential exp{at}, where Rea > . 

c) . The product P(t) ■ exp{at}: P(t) is a dissipative polynomial, Rea > . 

The significance of the Hurwitz class of entire functions stems from the fact 
that function in this class0 are the locally uniform limits in C of dissipative 
polynomials. 

Laguerre-Polya class of entire functions. 

DEFINITION 5.2 : An entire function E is said to he in the Laguerre-Polya 
class, written E G if E is real and can be expressed in the form 

oo 

E{t) = cre"'^*'+"* 11(1 + tofc) e-*"S (5.2) 

k=l 

where c G M \ 0, /9 > 0, a G M, G M, n non-negative integer, and 
Er=i«^<oo. 

Within the Laguerre-Polya class, those functions E are said to be of type I, 
written E G L-T-l , which are representable in the form 

oo 

E(t)=cre"*n(l + ^«fc)' (5-3) 

k=l 

where c G M\0, a > 0, > 0, n is non-negative integer, and J^'^Li <^k < oo. 

The significance of the Laguerre-Polya class stems from the fact that 
function in this class, and only these, are the locally uniform limits in 
C of polynomials with only real roots. (See [Levlj . Chapter 8; |Obrj . 
Chapter II, Theorems 9.1,9.2,9.3.) 

^^The full description of the class of entire functions which arc the limits of dissipative 
polynomials can be found in |Levl| . Chapter VIII, Theorem 4. This class (up to the change 
of variables z — > iz) is denoted by P* there. 
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LEMMA 5.1 : An entire function E which is of type I in the Laguerre-Polya 
class also is the Hurwitz class: 

PROOF. The roots of the entire function E which admit the representation 
(15.31) are located at the points —{ak)~^, thus is strictly negative. From the 

oo 

properties of the infinite product H (1 + tak) with I]fcli |ctfc| < C)0, it follows 

k=l 

that a function E which admit the representation ( 15. 3p is of exponential type 
a, and lim = j-q-. Thus, the defect dn = a > since a > 0. n 



Multipliers preserving the reality of roots. 



DEFINITION 5.3 : A sequence {7fc}o<A;<oo of real numbers is a multiplier se- 
quence if for every polynomial f : 

f{t)= <^kt' 

0<k<n 

with only real roots, the polynomial 

hit) = J2 ^kakt'' 

0<k<n 

too has only real roots. (The degree n of the polynomial f can be arbitrary.) 



THEOREM [Polya, Schur] : A sequence {7fc}o<fc<oo of real numbers which are 
not all roots is a multiplier sequence if and only if the power series 

Ik 



m= E lit 

0<fc<oo 



k 

k\ 



represents an entire function, and either the function \E'(t) or the function 
\E'(— t) is in the Lagierre-Polya class of type I. 



This result was obtained in |PoSch] . The presentation of this and related 
results can be found in Chapter VIII of jLevlj . in Chapter II of |Obrj . in 
[RaSc] (Section 5 ), in numerous papers by Th. Craven and G. Csordas. 
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THEOREM 5.1 : [Jensen-Craven-Csordas-Williamson.] Let E{t) he an entire 
function belonging to the Laguerre-Polya class and {Sn{,E, t)}ri=i,2,3,... 
he the sequence of the Jensen polynomials associated with the function £. 
(Definition O) 

1. Then for each n, all roots of the polynomial Sn{E, t) are real; 

2. If E{t) helongs to the suhclass L-T-l of the Laguerre-Polya class L-T, 
then for each n, all roots of the polynomial dn{E, t) are negative; 

3. // moreover E{t) is not of the form E{t) = p{t) e^*, where p{t) is a 
polynomial, then for each n, all roots of the polynomial dn{E, t) are 
simple . 

The statement 1 of the theorem was proved by Jensen^, [Jenj . It is a special 

/ t \ " 

case of Theorem by G.Polya and I. Schur corresponding to = I 1 H — ) . 

The refinement of the statement 1 which is formulated as the statement 3 was 
done by G.Csordas and J.Williamson in |CsWij . where the alternative proof 
of the statement 1 also was done. In |CsWij . the main Theorem formulated 
on p. 263, which appeared as the statement 3 of Theorem 15. II of the present 
paper, was formulated not accurately. The correction was done in |CrCs3] . 
Section 4.1 there. 

THEOREM 5.2 : Let H he an entire function belonging to the Hurwitz class 
and {dn{H, ^)}n=i,2,3, ... he the sequence of the Jensen polynomials associated 
with the function IK. (Definition 14. 1[ ) Then for each n, the polynomial 
{2n{.H, t) is dissipative. 

Theorem 15.21 can be obtained as a consequence of Theorem 15.11 and Hermite- 
Bieler Theorem. Proof of Theorem 15.21 will be done in Section O 



^^Though Jensen himself did not introduce explicitly the polynomials which are called 
'the Jensen polynomials' now. 
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Laguerre multipliers. 

THEOREM [Laguerre] : Let an entire function E{t), 

E{t) = J2 uj<oo, (5.4) 

0<l<uj 

be in the Laguerre- Poly a class: E G and let an entire function ip be in 

the Laguerre-Polya class iL-!P and moreover satisfy the condition: all roots of 
ip are negative. 



1. Then the power series 

E^= ^li'i^ (5-5) 

0<l<uj 

converges for every t, and its sum is an entire function of the Laguerre- 
Polya class: E^ G 

2. // moreover E{t) is of type I: E G then the the sum of power 
series (15.51) also is an entire function of the type I: E^ G £-CP-I. 



This theorem appeared by E. Laguerre, |Lagl| , section 18, p. 117, or [Lag], 
p. 202. Laguerre himself has formulated this theorem for the function E 
which is a polynomial with real roots. The extended formulation, where E 
is a general entire function from the class can be found in the paper 
[PoSchj . p. 112, or in its reprint in [Poj . p. 123. In [PoSchj the extended 
formulation is attributed to Jensen, [Jen] . 

The presentation of the above mentioned results of Polya, Schur, Laguerre, 
Jensen, as well as of many related results, can be found in |Obrj . Chapter 
II; |Levlj . Chapter VllI. |RaSc] : |RaScj . Chapter 5, especially Sections 5.5, 
5.6, 5.7; in numerous papers of Th. Craven and G. Csordas (See for example 
|CrCslj ). See also |PoSzj . Part five. The book of L.de Branges |deBr] is 
closely related to this circle of problems. 
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6. PROPERTIES OF ENTIRE FUNCTIONS 
GENERATING MINKOWSKI AND WEYL POLYNOMIALS 
OF 'REGULAR' CONVEX SETS AND THEIR SURFACES. 



Entire functions generating the Minkowski polynomials. 

THEOREM 6.1 : The entire functions (14.71) generating the renormalised 
Minkowski polynomials of halls, cubes, squeezed spherical and cubic cylinders, 
possesses the following properties: 

1. The function M.b°° is of type I of the Laguerre-Polya class; 

2. The function A4b°°xo belongs to the Hurwitz class. It has infinitely 
roots, all but finitely many its roots are non-real; 

3. The function A^qoo is of type I of the Laguerre-Polya class; 

4. The function A^gooxo is of type I of the Laguerre-Polya class. 

LEMMA 6.1 : The function -p^^ _^ > where T is the Euler Gamma function, 
is in Laguerre-Polya class, and all its roots is negative. 



(C is the Euler constant, C ^ 0.5772156 . . . .) □ 

PROOF of Theorem |6.1[ The statement 1 is evident: M.B°°it) = e*. 

To obtain Statement 3, we remark that the function Aiqoc is of the form 

Eil>, (15.51) . where E{t) = exp{^t}, and ipii) = t;ti tt- Then we apply the 



Laguerre theorem on multipliers to these E and -i/j. The needed property of 
ip is formulated as Lemma [6.11 

The statement 4 can be obtained in the same way that the statement 3. 



Indeed, 





One need take E{t) = exp{^t}, and ?/'(t) 
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Proof of the statement 2 is more complicated. From (14.7b|) it follows that 



1 \ 1 

0<fc<oo 0<fc<ooQ 

Changing the order of summation and integration and summarizing the ex- 
ponential series, we obtain the integral representation: 

1 

MB^Ut) = 2 / (1 - e')"^ee«*rfe • (6.1) 



The fact that the functions M.b°°xq belongs to the Hurwitz class will be 
derived from the integral representation (16.11) . This will be done in Section[T3l 

□ 

Entire functions generating the Weyl polynomials. 
LEMMA 6.2: LetE: 

E{t)= Y: ^it^' (6.2) 

0<i<oo 

he an even entire function of the class iL-CP, and let p > be a number. Then 
the function Ep(t) defined by the power series 

2-'rf ^ + 1] 

E„{t)= y (--a/', (6.3) 

belongs to the class L-T as well. 

PROOF. Lemma [6.21 is the consequence of the Laguerre theorem on multipli- 
ers. The function 

^ (t) = L (6.4) 



,2 ' 2 

is in the Laguerre- Polya class (see Lemma [6.11) . and its roots are negative. □ 

We point out, see (14.111) . that the entire functions Wg^oo, VVg^gocxo); ^<9q°°' 
Wg^Qooxo); "which generate the Weyl polynomials of the finite index p for 
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the appropriate families of convex surfaces, can be obtained from the en- 
tire functions >Vg°goo, W^^ooxo); ^dQ°°^ "^9(q°°xo)' which generate the Weyl 
polynomials of the infinite index, by means of the transformation of the form 

0<fc<oo 0<fc<oo 

THEOREM 6.2: 



1. The functions Wq^oo, Wqqoc, VV^qcx,xo) belong to the Laguerre-Polya 
class iL-CP. 

2. The function yVQ^B°°xo) ^^^■^ '^^^ belong to the Laguerre-Polya class 
L-J"; this function has infinitely many non-real roots. 



PROOF. The statement 1 is evident in view of the explicit expressions: 

W|g„(i) =exp{-«V2}. (6.5) 

>VS»W = 5^f=^. (6.6) 

WaTQ-xo) = cos{(7r/2)h}. (6.7) 

The function W^^ooxo); "which appears in Statement 2, can not be expressed 
in terms of 'elementary' functions, but it can be expressed in terms of the 
Mittag-Leffler function £^ i: 

WaVxo)W = v^£i,i(-^), (6.8) 

where 

From (16.91) the integral representation can be derived: 

1 

v/^£i i(t) = l + t J{l-0~^e'^d^. (6.10) 
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The integral representation fl6.10p can be derived from the Tailor series (16.91] 
in the same way as the integral representation fl6.ip was derived from the 
Taylor series fl4.7bl) . From (16.101) the following asymptotic can be obtained: 



2t ' 



vrte*, t 



oo, 



oo. 



(6.11) 



P{\t\), t-^ ±ioo. 



From (16.111) it follows that the indicator diagram of the entire function i (t) 
of the exponential type is the interval [0, 1] . Moreover, the function £^ liit) 
belongs to the class C, as this class was defined in |Lev2j . Lecture 17. From 
Theorem of Cartwright-Levinson (Theorem 1 of the Lecture 17 from |Lev2j ) 
it follows that the function £^ i (t) has infinitely many roots, these roots have 
a positive density, and are located 'near' the rays argt = | and argt = — f ■ 
From this and from (16. 8p it follows that the roots of the function yV^B°°xo)i^) 
are located near four rays argt = j, aigt = argt = argt = ^ . In 
particular, infinitely many of the roots of the function VV^^cx,xo)(^) liion- 
real. □ 



REMARK 6.1 : Much more precise results about the Mittag-Leffter function 
£a^/3 and distribution of its roots are known. See, for example, |EMOTj . sec- 
tion 18.1; or Djr| . 



THEOREM 6.3: 

1. For every p = 1, 2, . . ., the functions W^^oo, W^qcx), VVg^gooxo) belong 
to the Laguerre-Polya class 

2. If p is large enough, then the function Wg^^ooxo) ^^^'^ '^^^ belong the 
Laguerre-Polya class L-T: it has non-real roots. 

PROOF. The statement 1 of this theorem is a consequence of the statement 
1 of Theorem 16.21 and Lemma 16. 2[ The statement 2 of this theorem is a 
consequence of the statement 2 of Theorem 16.21 and the approximational 
property (ll.43p . □ 
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REMARK 6.2 : The fact that the function Wg^oc belongs to the Laguerre-Polya 
class L-"?, that is all its roots are real, can he established without reference 
to Lemma 16.21 The function Wg^oo can he expressed in terms of Bessel 
functions J^. Recall that for arbitrary v , 

^"("-(2) „j:^«r(. + / + i)- («'^^) 

Comparing fl6.12p with (14.1 lap , we see that 

>VaVW = r(| + i)Q)"'j|(t). (6.13) 



In particular, 
/orHp= 1, 



for p = 2. 



W,V(t) = ^, (6.14) 



WaV(t) = 2^. (6.15) 

It is known that for every v > —1, all roots of the Bessel function J^it) are 
real (This result is due to A.Hurwitz. See, for example, |Watj, Chapter XV, 
Section 15.27.^ 

The statement 2 of Theorem 16.31 may be strengthen essentially. 



THEOREM 6.4: 



1. Forp = 1, 2, 4, the function Wj^^ooxo) belongs the Laguerre-Polya class 

2. For p : 5 < p < 00, the function Wg^^ooxo) ^^^■^ belong the 
Laguerre-Polya class £-!P .■ it has infinitely many non-real roots . 



Deriving (|6.14p from (|6.13p . we used the formula Ji{t) — (^)^ sint. (Concerning 
this formula, see, for example, [Wh Wa| . section 17.24.) However, (|6.14p may be obtained 
directly from (|4.11ap . 
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PROOF. For every p > 1, the function yVg(^B°°xo) admits the integral repre- 
sentation 

1 

>Va%o.,o)=p/(l-e')'~'ecosterfe- (6.16) 



This integral representation can be obtained from f l4.11cp in the same way 
that the integral representation (16. ip was obtained from (]4.7bp . Using the 
identity 

r(/ + 1/2) r(/ + 1) = r(i/2) 2"^' r(2/ + 1), 

we reduce f l4.11cp to the form 

Wa%o.xo) = | E B(/ + l,p/2)(-l)^--. 

Then we use the integral representation for the function Beta, change the or- 
der of summation and integration and summarize the series using the Taylor 
expansion for cosz. For every p : 1 < p < oo, the function Wg^gooxo) 
calculated asymptotically. This calculation may be done using the integral 
representation (16 .160 . or in other way. The asymptotic expression for the 
function W^^^ocxo) presented in Section [131 see (113. 27p . (113.280 . From this 
expression it follows that: 

1. For p > 4, infinitely many (actually all but finitely many) roots of the 
^(9(B°°xo) non-real. This is sufficiently for the negative result of the state- 
ment 2 of Theorem 16.41 to be obtained. 

2. For p < 4, all but finitely many roots of the function Wg^^ooxo) ^^^^ 
and simple. This alone is not sufficiently for the result of the statement 1 of 
to be obtained. The additional reasoning should be invoked. For p = 2 and 
p = 4, the function Wj'^^ooxo) '^^^ calculated explicitly. The case p = 3 
remains open. Proof of the fact that for p = 1, 2, 4 all roots of the function 
yyjj^ooxo) real will be done in Section [131 See Lemma [13.61 □ 



PROOF of THEOREM [231 According to Theorems [621 [631 and [62] (State- 
ments 1 of these theorems), each of the functions Wg^oo, Wggoo, VVj'^gooxo) 
with p : I < p < oo, and W^^^ooxo) with p = 1, 2, 4, belongs to the class of 
Laguerre-Polya L-'J'. By Theorem of Jensen-Csordas- Williamson, the Jensen 
polynomials associated with each of these entire functions, has only simple 
real roots. According to Theorem 14.21 the renormalized Weyl polynomi- 
als yVg^n + l, >V^Qn+l, ^^(Qn ^ Q) ^Ith ^ ! 1 < P < OO , aud Wg(g„ ^ 0) "^^^^ 
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p = 1, 2, 4 have only simple real roots. In view of renormalizing relations 
f!4.13p . the Weyl polynomials Wq^^+i, Wqq„+i, Wg'(Qnxo) conservative. □ 

PROOF of THEOREM jZH According to Theorem ES Statement 2, for 
p : 5 < p < oo, each of the entire functions Wg^^ooxo) infinitely many 
non-real roots. Since for fixed p, 3n{y^d(^B°°xoy ^) ~^ ^a(B°°xo)(^) locally uni- 
formly in C as n — i> oo, by Hurwitz theorem, every polynomial dn(y Vd(B° °xo)) 
with p, n : p > 5, n > N(p) has non-real roots. By Theorem 14.21 the 
renormalized Weyl polynomials Wg^gn^Q) have non-real roots. In view of 
the renormalizing relations fl4.12p . the Weyl polynomial M^g^^n^Q^ have roots 
which do not belong to the imaginary axis. □ 

PROOF of LEMMA 12.11 This lemma is a consequence of lemma E21 If the 
polynomial W^{t) is conservative, then the polynomial E(t) = W^{it) is a 
real polynomial with only real simple roots. The function Ep{t) = W^{it) 
is related with this E{t) as well as the function Ep(t) appeared in ( 16. 3p is 
related to E{t) from (16. 2p . By Lemma 16. 2[ all roots of Ep are real. Let us 
show that the roots are simple. Consider the function E{t) + e, were e is 
a small real number, positive or negative. Since all roots of the polynomial 
E{t) are real and simple, all roots of the polynomial E{t) + e are real if \e\ 
is small enough. By Lemma 16.21 all roots of the polynomial Ep{t) + e are 
real. But if the polynomial Ep{t) have a multiple root, this root splits into 
a group of simple roots by the perturbation Ep{t) Ep{t) + e, and by an 
appropriate choice of sign of e, some of roots in this group will be non-real.g 

REMARK 6.3 : We apply Lemma [2.11 in special cases n = 2, 3, 4, 5 only. In 
these cases Lemma is quite elementary. Actually only the cases n = 4 and 
n = 5 deserve attention, the cases n = 2 and n = 3 are trivial. The cases 
n = 4 and n = 5 are reduced to the following elementary statement: 

Let ko, k2, he positive numbers. Assume that the roots of the 
polynomial Q{t) = k^ + k2t + k^t^ are negative and different. Then 
for every p > 0, the roots of the polynomial 

^ ^ ' (p + 2) (p + 2)(p + 4) 

are negative and different as well. 
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Indeed, the conditions posed on polynomials Q and are equivalent to the 
inequalities 

( ki \^ k2 
k\ > kffk^ and > k^- 



It is evident that the first of these inequalities implies the second. □ 

7. HERMITE-BIELER THEOREM AND ITS APPLICATION. 

In its traditional form, Hermite-Bieler theorem gives conditions under which 
all roots of a polynomial belong to the upper half-plane {z : Im^; > 0}. We 
need the version of this theorem adopted to the left half-plane, and for the 
case of polynomials with non-negative coefficients only. Before to present 
such a reformulation of Hermite-Bieler theorem, we give several definitions: 

DEFINITION 7.1 : Let Si and S2 be two sets which are situated on the same 
straight lin^ L of the complex plane: Si C L, S2 C L , and moreover each 
of the sets Si, S2 consists of isolated points only. The sets Si and S2 interlace 

if between every two points of Si there is a point of S2, and between every 
two points of S2 there is a point of Si . 

DEFINITION 7.2 : Let P be a power series: 

P{t) = Y.p,t\ (7.1) 

0<fc 

where t is a complex variable, and the coefficients pk are complex numbers. 
The real part and the imaginary part ^P of P are defined as 



^PW.M±£ffl, 'm^^f^l^. (7.2) 

where the overline bar is used as a notation for the complex conjugation. 



^^In our considerations the straight line L wih be either the real axis or the imaginary 
axis. 
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The even part and the odd part °P of P are defined as 



In term of coefficients, 



where 



and 



Mi) = E«^^'' 'Pit) = T.ht\ (7.4a) 

0<k 0<k 



Pk+Pk , Pk-Pk 

dk = — ^ — , h = — - — , (7.4b) 



'p{t)=j:p2it'\ °p(t)=Ew^'^^ (7.5) 



THEOREM [Hermite-Bieler] : Let P be a polynomial, A ^ ^P and B ^^P he 

the real and imaginary parts of P, i.e. 

P{t)^A{t)+iB{t), 

where A and B be a polynomials with real coefficients. In order for all roots 
of P to be contained within the open upper half-plane {z : Imz > 0}, it is 
necessary and sufficient that the following three conditions be satisfied: 

1. The roots of each of the polynomials A and B are all real and simple. 

2. The sets Za and Zb of the roots of the polynomials A and B interlace. 

3. The inequality 

B'{Q)A{Q) - A'{0)B{0) > (7.6) 

holds. 

Let us formulate a version of Hermite-Bieler Theorem for the left half-plane. 
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LEMMA 7.1 : Let M be a polynomial with positive coefficients, 
M{t) = Yl ^kt^^ mk>0,0<k<n, 

0<k<n 

and let and °M be the even and the odd parts of M. In order for the 
polynomial M be dissipative it is necessary and sufficient that the following 
two condition be satisfied: 

1. The polynomials and '^M are conservative. 

2. The sets of roots of the polynomials and '^M interlace. 

LEMMA 7.2: Let W, 

W{t) =Wo + W2t^ + W4t^ ■■■ + «;2m-2t'""' + W2mt^'^ (7.7) 

be an even polynomial with positive coefficients W21 

1^0 > 0, 1^2 > 0, ... , W2m > . 

In order for the polynomial W to be conservative it is necessary and sufficient 
that the polynomial M = W + W to be dissipative, where W is the derivative 
ofW: 

W'{t) = 2 ■ Wat + 4 ■ Wit^ ■ ■ ■ + (2m - 2) ■ W2m-2t'^"'~^ + 2m ■ Wam^^'""^ • (7.8) 

PROOF of LEMMAO Let 

P{t) = M{it), A{t) = {^M){it), Bit) = ■ (°M)(it), (7.9) 

so 

P{t) = A{t) + iB{t) . 
A and B are polynomials with real coefficients: 

A{t)= 5: (-l)W, 5(t) = t E (-i)Wii''- 

Moreover, 

B'{0)A{0)~ A'{0)B{0) =momi. (7.10) 
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From 07.91) it is evident that 

(All roots of A are real and simple) -v^ (The polynomial is conservative) 
(All roots of B are real and simple) <^=^ (The polynomial '^M is conservative) 
(All roots of P lie in {z: Imz > 0}) -v^ (The polynomial M is dissipative) 

and under condition that all roots of A and B are real, 

(The roots of A and B interlace) -v^ (The roots of and °M interlace) 

Thus, Lemma 17.11 is an immediate consequence of Hermite-Bieler Theorem 
it the above stated form. The inequality (17.61) is ensured automatically by 
f l7.10p since the coefficients ruk are assumed to be positive. 

Q.E.D. 

PROOF of LEMMA O It is clear that the polynomials W and W are the 

even and the odd parts oi M = W + W'\ 

W = ^M, W = °M. 

Let M be dissipative. Then, according to Lemma I7.H W is conservative. 
Conversely, let W be conservative. According to Rolle theorem, the polyno- 
mial W is conservative as well, and the sets of roots of W and W interlace. 
By Lemma [7.11 the polynomial M is dissipative. Q.E.D. 



REMARK 7.1: The claim of Lemma 7.1 remains true if to replace the as- 
sumption posed on the coefficients of of M with a weaker assumption. It 
enough to assume that only the coefficients rriQ and mi are strictly positive, 



whereas the other coefficients m^, k 



2, 3, 



are real. 



PROOF of THEOREM O The relation fOD means that the polynomial 
tWQy{t) is the odd part of the Minkowski polynomial My. Thus, we are 
in the situation of Lemma 17.11 Since the polynomial My is dissipative, the 
point z = is not a root of M, that is moiy) ^ 0. According to fll.23p . this 
means that Vol„(l^) ^ 0. Thus, the set V is solid. By Proposition 18. 11 all the 
coefficients mfc(\^) of the polynomial My the are strictly positive. According 
to Lemma \1 .\\ the polynomial '^(My) is conservative. Since °(My)(0) = 0, 
the polynomial t^^ ■ °(My)(t) = W^yif) is conservative as well. Q.E.D. 
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PROOF OF THEOREM 15.21 In the course of the proof we shall refer to some 
facts from the theory of entire functions which usually are formulated in 
literature for functions whose roots are in the upper rather then in the left 
half-plane. Therefore, it is convenient pass from the variable t to the variable 
it. Given a function H{t) of the Hurwitz class J{, let f{t) = H{it). Then 
/ is an entire function of exponential type, all roots of / are in the upper 
half-plane, and moreover, the defect df of f is non-negative, where 

2df= lim fi—ir)— lim fi—ir). 

(It is clear that df = dn, where dn is the same as in (15.11) .) Thus the function 
/ is in the class P as this class was defined in |Levlj . Chapter VII, Section 
4. Let 

fit)=Ait)+tBit), 

where A and B be real entire functions. Combining Lemma 1 from [Levi] , 
Chapter VII, Section 4 with Theorem 4 from |Levlj . Chapter VII, Section 2, 
we obtain that the functions A and B possess the properties: 

1. A and B are real entire functions of exponential type; 

2. A{0)B'{0) - B{0)A'{0) > 0; 

3. For every 6' G M, all roots of the linear combination Ce, where Ce{t) = 
cos6A{t) + sm6B{t), are simple and real. (The entire functions A and 
B are a real pair in the terminology of N.G.Chebotarev, [Cheb] .) 

According to Hadamard's factorization theorem, the entire function Cq is in 
the Laguerre-Polya class. According to Jensen-Csordas- Williamson Theorem 
(Theorem 15.11) . for each n, all roots of the Jensen polynomial Cg^n{t) = 
dn{Ce; t) are real and simple. Thus, the real polynomials An(t) = dn{A; t) and 
Bnit) = 8n{B; t) possess the property: For every 9 ^M., all roots of the linear 
combination cos 6'y4„(t)+sin 6Bn{t), are real and simple. (The polynomials An 
and Bn are real pair as well.) From the property of the polynomials An and 
i?„ > to be a real pair together with the property An{0)B'^{0) — Bn{0)A'^{0) 
it follows that all roots of the polynomial fn{t) = An{t) + iBn{t) are in the 
upper half-plane. Thus, all roots of the polynomial Hn{t) = fn{—it) are in the 
left half-plane. In other words, the polynomial if„ is a Hurwitz polynomial. 
On the other hand, from the construction it follows that if„(t) = 8n{H] t) ■ □ 
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8. PROPERTIES OF MINKOWSKI POLYNOMIALS 

OF A CONVEX SET. 

MOTION INVARIANCE: Let V, V C M", be a compact convex set, T be a mo- 
tioi^ of the space M", and t(V) be the image of the set V under he motion 
r. Then Mr(v)it) = My(t). 

CONTINUITY: The correspondence V My between compact convex sets V 
in M."' and their Minkowski polynomials My is continuous 

A sketch of the proof of the continuity property can be found in |BoFe] , section 
29; |BuZa] . section 19.2; |Schn] . section 5.1; [Web] . 

MONOTONICITY: Let Vi and V2 be compact convex sets in R", and My^^My^ 
be the appropriate Minkowski polynomials. If Vi C V2, then the coefficients 
mkiVi), mfc(V2) of the polynomials My^, Myj, defined as in fll.2ip . satisfy 
the inequalities 

nikiVi) <mkiV2), 0<k<n. (8.1) 
Explanation. According to the definition of the mixed volumes, 

^'^(^) = 7 'u^r ^' • • • ' ^5 . . . , 5"). (8.2) 

[n — k)\ k\ V ' " v ' 

n—k k 

Inequahties (18. ip follow from the monotonicity of the mixed volumes (18.21) 
with respect to V . (Concerning the monotonicity of the mixed volumes see, 
for example, [BoFej . section 29; |BuZaj . section 19.2; [Web] . Theorem 6.4.11; 
[Schn] . section 5.1, formula (5.1.23).) Q.E.D. 



LEMMA 8.1 : a). For any compact convex set V, V G M", the coefficients 
'rrikiV) of its Minkowski polynomial, defined as in (ll.2ip . are non- 
negative: 

< mk{V), 0<k<n. (8.3a) 
(According to (ll.23p . the coefficient mn{V) is strictly positive.) 

^^The motion of the space M" is an affine transformation of M" which preserves the 
Euchdean distance in M". 

^■^The set of compact convex sets in M" is equipped by the Hausdorff metric, the set of 
all polynomials is equipped by the topology of the locally uniform convergence in C. 
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b). If moreover the set V is solid, then all coefficients mk{V) are strictly 
positive: 

< mk{V), 0<k<n. (8.3b) 

n— 1 



The Weyl coefficients k2i{dV), < / < 
I1.1U|, are strictly positive as well. 



defined by Definition 



PROOF. Taking V a.sV2 and an one-point subset of V as Vi in (18.11) . we obtain 
(I8.3ap . If tlie set V is solid, tlien tliere exist a ball xq + P-B" of some positive 
radius p: Xq + pB^ C V . Taking tfie ball Xq + pB'^ as Vi and V as V2 in (18. ip . 
we obtain the inequalities m^.{xQ + pi?") < mk{V), < k < n. Moreover, 
rrikixo + pB'^) = m^^pB^) = p^-^mj,{B^) = p"-^^^ Vol„(5") > 0. □ 



REMARK 8.1 : The notion of the interior point of a set V depend on the space 
in which V is embedded. The set V, V G M", which is non-solid with respect 
to the 'original' space M", is solid if V is considered as be embedded in the 
space M'^ of the 'right' dimension d, d < n. The dimension diml^ of the set 
V should be taken as such d. 

DEFINITION 8.1: Let V, V C M", be a convex set. The dimension dimV 
of V is the dimension of the smallest affine subspace of M" which contains 
V. 

LEMMA 8.2 : Let V, V G M", be a compact convex set of the dimension d: 

^im.V = d, 0<d<n. (8.4) 

Then 

m^"{V) = for 0<k<n-d; (V) > for n-d<k<n. (8.5) 
This lemma is a consequence of Lemma 18.1! and of the following 
LEMMA 8.3 : Let V , V C. M", be a convex set of dimension d, d <n, and let 
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Mf(t)= E mnV)t'' andt^Mfit) = E mX {y)t^ he the Mmkovski 

0<k<n 0<k<d 

polynomials of the set V with respect to the ambient spaces M" and M*^ re- 
spectively. Then 



0< A:<(i I 2 

Lemma 18.31 appears in slightly different notation as Theorem 111.11 in Section 
[TT| where proof is presented. 



T(| + l) 



DEFINITION 8.2 : The mixed volumes appearing in ( \8.2\\ are said to be cross- 
sectional measures of the set V and are denote as Vn-k{V): 

Vo\{V, V,...,V-B^,B^,..., B^) = Ur,.k{V), ^<k<n. (8.7) 

n—k k 

Thus, the coefficients of the Minkovski polynomials My, which appear in 
f ll.2ip . can be presented as 

(^\ /jr\ (n\ n\ 
^k[y) = \t.\ ~ '^T( ^ are binomial coefficients, (8.8) 

and the Minkowski polynomial itself can be presented as 

Mv{t)= E {%n-k{V)t\ (8.9) 

0<fc<n 

The following fact will be used essentially in Section [TUl 

ALEXANDROV-FENCHEL INEQUALITY. Let V,V C. W, be a compact con- 
vex set. Then its cross-sectional measures VkiV) satisfy the inequalities 

vl{y)>vk-i{y)vk+i{y), i<k<n-i. (8.10) 

A.D. Alexandrov published two proofs of this inequality in [All J and |A12] . 
The first of them, a combinatorial one, is carried out for the convex polyhe- 
dra. The second proof is more analytical. It uses the theory of self-adjoint 



^''Defiiiing the Minkowski polynomial My , we can assume that the smallest affine 
subspace of M" which contains V is the space M''. 



50 



elliptic operators depending on parameter. This proof is carried out for 
smooth convex bodies. To the general case, both proofs are generalized 
by limit arguments. The first proof is developed in detail in the textbook 
[Lej . The second proof is reproduced in Busemann |Busj . It has become 
customary to talk on 'Alexandrov-Fenchel inequality', because Fenchel |Fen] 
also stated the inequality and sketched the proof. Its detailed exposition 
was never published. At the end of 1978 independently Tessier in Paris and 
A.G.Khovanskii in Moscow obtained an algebraic-geometrical proof of the 
Alexandrov-Fenchel inequality using the Hodge index theorem. This proof 
is developed in §27 of the English translation of |BuZa] and was written 
by A.G. Khovanskii. (In the Russian original of |BuZaj an erroneous alge- 
braic proof of the Alexandrov-Fenchel inequality was included which has been 
excluded in the English translation.) Regarding the Alexandrov-Fenchel in- 
equality see also [BuZa] . §20 and Section 6.3 of [ Schn] . 

DEFINITION 8.3: A sequence {pk}o<k<n of non-negative numbers: 

Pk>0, 0<k<n, (8.11) 
is said to be logarithmic concave, if the following inequalities hold: 

pl>Pk-iPk+u l<k<n-l. (8.12) 



Thus, the Alexandrov-Fenchel inequalities can be formulated in the form: 

For any convex set V, the sequence {vk{V)}o<k<n of its cross sectional 
measures is logarithmic concave. 

Under the extra condition (18.11!) , the logarithmic concavity inequalities (18.12!) 
for the coefficients of the polynomial 

Pit)= E if]P'^t''^ (8.13) 

or for the coefficients of the entire function 

m= E ^^'^ (8-14) 

0<fc<oo 

have been considered in connection with distribution roots of P. In this 
setting, such (and analogous) inequalities are commonly known as Turan 
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Inequalities (Turan-like Inequalities). Concerning Turan inequalities see, for 
example, |KaSzj and |CrCs2j . 



REMARK 8.2 : The Turdn inequalities (18.121) for the coefficients of the poly- 
nomial (18.131) or entire function (18.141) impose some restrictions on location 
of roots of P. However, these inequalities alone do not ensure that all roots of 
P are located in the left half-plane {z : Kez < 0}. 



For example, given m G N, let 

Pk = 1 for k = 0,1, . . . , m and Pk = for k > m. (8.15) 

Such pk satisfy the Turan inequalities (18.121) . The function (I8.14p correspond- 
ing to these pk is the polynomial 

PUt)= E -■ (8-16) 

0<fc<m 

This polynomial is a section of the exponential series. It is known that 
already for m = 5 the polynomial (I8.16P has two roots located in the half- 
plane {z : Rez > 0}. G. Szeg'o, fSz], studied the limiting distribution of 
roots of the sequence of polynomials Pm, (I8.16p . as m — > cx). From his 
results on the limiting distributions of the roots it follows that for large m 
the polynomial Pm not only has roots in the half-plane {z : Re^; > 0}, but 
that the total number of its roots located there has a positive density as 
m ^ CO. Regarding roots of sections of power series we address to the book 
[ESVj and to the survey |Ostlj . For m < n, the polynomial (I8.13P with pk 
as in (I8.15P takes the form 




I.V. Ostrovskii, |0st2j . studied the limiting distribution of roots of the se- 
quence of the polynomials Pm,n as m,n oo, m/n (0, 1). From 
his results it follows that for large m,n: n/m = 0(1), n/{n — m) = 0(1) 
the polynomial Pm,n not only has roots in the half-plane Re 2; > 0, but 
that the total number of its roots located there has a positive density as 
m, n— i> 00, m/n — G (0, 1). 
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9. ROUTH-HURWITZ CRITERION. 



Of course it is desirable to obtain an information about the location of roots 
of the Weyl and Minkowski polynomials directly from geometrical considera- 
tions. At the moment we are not able to do this. The only general tool from 
geometry which we can use are the Alexandrov-Fenchel inequalities (18.101) 
for cross-sectional measures Vk{V) of convex sets. Therefore one should ex- 
press all polynomials which we investigate in terms of this cross-sectional 
measures. 

As it was explained in (18. 9p . the expression of the Minkowski polynomial 
My" for the convex set V, V G M", in terms of the cross-sectional measures 
Vk{V) is 

Mfit)= E (f]vn-,iV)tK (9.1) 

LEMMA 9.1: Let M. be a closed convex surface, dimM = n, and let V, 
V C M"^^, be a generating convex set: M = dV. 

Then the Weyl can be expressed as 

^«W= S (9.2) 

where Vk{V) are the cross-sectional measures of the generating convex set V . 

PROOF. The expression (E^D is a consequence of fOB . (08|) and dH]). □ 

To extract an information about the location of roots of the Minkowski 
polynomial My" from (19.11) . we may use the Alexandrov-Fenchel inequali- 
ties (18.101) . The Alexandrov-Fenchel inequalities relate the cross-sectional 
measures VkiV), Vk-iiV), Vk+iiV). To extract such an information about 
the roots of the Weyl polynomial from (19.21) . we need the analogous in- 
equalities which relate the cross-sectional measures VkiV), Vk-2iV), Vk+2{V). 

LEMMA 9.2: Let V, V C. M"+^, be a compact convex set. Then its cross- 
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sectional measures satisfy the inequalities 

vl{V) > Vk-2{V)vk+2{V), 2<k<n-l. 



(9.3) 



PROOF. We derive (ES]) from (KTU^ . Rising the inequality flSlDD to square, 
we obtain that v\{V) > %^_i(^)^fc+i(^)- Inequahties fIS.lOp with k replaced 
with k — 1 and k + 1 are: 

vUiV) > v,^,iV)v,iV) and vl^.iV) > v,iV)v,^,iV) 

respectively. The inequality (19.31) is the consequence of the last three in- 
equalities. Q.E.D. 



The inequalities (18.101) and (19.31) for the coefficients of the polynomials (19.11) 
and (19. 2p respectively is one of two general tools which will be used in the 
study of the location of roots of these polynomials. The second general tool 
is the criteria which express the properties of polynomials to be dissipative 
(or conservative respectively) in terms of their coefficients. Such criteria are 
formulated as the positivity of certain determinants constructed from the 
coefficients of the tested polynomials. 



THEOREM [Routh-Hurwitz] : Let 

P{t) = aot" + ait"-^ + . . . + an-it + an 
be a polynomial with strictly positive coefficients: 

ao > 0, ai > 0, . . . , a„_i > 0, a„ > . 



(9.4) 



(9.5) 



For the polynomial P to be dissipative, it is necessary and sufficient that all 
the determinants Ak, k = 1, 2, . . . , n — 1, n, be strictly positive: 



Ai > 0, A2 > 0, . . . , A„_i > 0, A„ > 0, 



(9.6) 



where 
Ai = ai, A2 



oi as 
ao a2 



A, 



ai as as 
ao a2 a4 
ai as 



A4 



oi as as ay 

ao a2 a4 ag 

ai as as 

ao a2 a4 



A. 



ai as as 
ao a2 04 
ai as 



(9.7) 
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This result, as well as many relative results, can be found in |Gantj . Chapter 
XV. See also jK?Ni] . 



REMARK 9.1: Actually, to prove that the polynomial P, (19. 4p . of degree n 
with positive coefficients a^, k = 1, 2, . . . , n, is dissipative, there is no need 
to inspect all Hurwitz determinants A^, k = 1, 2, . . . , n, for positivity. It 
is enough to inspect either the determinants Ak only with even k, or the 
determinants only with even k. (See |Gantj . Chapter XV, §13.) 

Applying the Routh-Hurwitz criterion to investigate whether the Minkowski 
polynomial My" is dissipative, we should take, according to fl9.ip . 

= TTf — ~rVy^k{V) , < A; < n, = 0, k> n. (9.8) 
k\[n — k)\ 

From the criterion of dissipativity, the criterion of conservativity can be de- 
rived easily. 



THEOREM [Criterion of conservativity] : Let 

P{t) = aot"" + aat""-' + . . . + a2m-2t^ + as™ (9.9) 

be a polynomial with strictly positive coefficients a2i, < I < m: 

ao > 0, 02 > 0, . . . , a2m_2 > 0, a2m > . (9.10) 

For the polynomial P to be conservative, it is necessary and sufficient that 
all the determinants Dk, k = 1, 2, . . . , 2m — 1, 2m, be strictly positive: 



Di>0, D2>0, Ds>0, ... , D2m-1 > 0, D2rn > 0, 



(9.11) 



where the determinants Dk are constructed from the coefficients of the polyno- 
mial P a ccording to the following rule. Determinant Dk are the determinant 
Afe, (19.71) . whose entries a2i, < I < m, are the coefficients of the polynomial 
P, and a2i+i = {m — I) a2i, < I < m — 1: 



mao, D2 



m ao (m — l)a2 
ao 02 



m,ao (m — l)a2 (m — 2)04 
ao 0,2 

m ao (m — l)a2 
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D2m — 



mao {m — 1) a2 (m — 2)a4 {m — 4)ae 

ao 0,2 tti ae 

mao (m — l)a2 (to — 2)a4 

Oo 02 04 

mao (to — 1)02 (m — 2)04 ... 

ao a2 04 . . . 

TOao (m — l)a2 ... 



a2r. 



(9.12) 



PROOF. This theorem is the immediate consequence of Hermite-Bieler the- 
orem and Lemma [7]2l Q.E.D. 

Applying the Conservativity criterion to investigate whether the Weyl poly- 
nomial is dissipative, we should take, according to (19.21) and (I9.9p . 



[n 



IV. 



(121 



:V2l+n-2m{V) 



2^-i{rn-l)\{2l + n-2m) 

< I < m, a2i = 0, I > m , where m 



(9.13) 



10. THE CASE OF LOW DIMENSION: 
PROOF OF THEOREMS [23] AND D 

PROOF of THEOREM O We apply the Routh-Hurwitz criterion of dissi- 
pativity to the Minkowski polynomial . 'Opening' the Hurwitz determi- 
nants Afc, (19.71) , and taking into account that = for k > n, we obtain 
that for n < 5, 

Ai = ai (10.1.1) 
A2 = aia2 - aotts , (10.1.2) 
A3 = 010203 + o-oOias — OoOg — ala^ , (10.1.3) 

A4 = 01020304 ~l~ 00020.305 ~l~ 2O0O1O4O5 — Q^Q^ — OgOg — O0O3O4 — O1O2O5, 

(10.1.4) 

A5 = 05A4, (10.1.5) 

where we should take o^ as in (19. 8p . 

According to Routh-Hurwitz criterion, we have to prove that Ai > 0, A2 > 
0, ... , A„ > 0. The cases = 2, 3, 4, 5 will be considered separately. Since 
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V is solid, Vk{V) > 0, < A; < n. (Corollary Ob and 
Thus, the determinant Ai = {^Vi(y) is always positive. 

The cases n = 2, 3, 4, 5 will be considered separately. To shorten notation, 
we right Vk instead VkiV). 

n = 2. In this case, 

ao = vq, ai = 2vi, 02 = V2, 

A2 = 2v2Vi . 

The inequality A2 > is evident. Thus, the Minkowski polynomial My'^ is 
dissipative. 

n = 3. In this case, 

ao = fo, fli = 3fi, 02 = 3f2, a3 = V3, ak = 0, k > 3 . 
Substituting these expressions for into (110. ip . we obtain 

A2 = 9t;it;2 - t;o^^3, A3 = t;3A2 . 
Thus, the property of My^ to be dissipative is equivalent to the inequality 

9viV2 > vovs, ([T02D 

n = 4. In this case, 

ao = vq, ai = 4f 1, a2 = 6v2, as = Av^ a4 = V4, ak = 0, k > 4 . 
Substituting these expressions for a^ into (110. ip . we obtain 

A2 = 24t>it>2 — 4fof3, A3 = 96f if 2f 3 — IGvqvI — IGvfvi , A4 = f4A3 . 

Thus, the property of My* to be dissipative is equivalent to the pair of 
inequahties 

6V1V2 > (Iml2) 

QV1V2V3 > vovj + vfvi . (110.31 3) 

n = 5. In this case, 
ao = vq, ai = 5vi, a2 = 10^2, a3 = 10^3, a^ = 5^4, a^ = v^, a^ = 0, > 5 . 
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Substituting these expressions for into fllO.ip . we obtain 



A2 = 50f if 2 — IOvqVs, A3 = 500f if + dvoViv^ — lOOt'o'^s ~ 125f , 

A4 = 2500f if 2^3'i^4 + lOOf of 2f3f5 + BOVoViV^V^ 

— 625f if4 — fgf 5 — 500f of 3f4 — 500f of if 5 , A5 = f 5A4 . 
Thus, the property of My'' to be dissipative is equivalent to the triple of 



inequahties 

5fif2 > vov^, m7^ 2) 

lOOf If 2f3 + f of i^^5 > 20fof| + 25f if4 , ffTOl sl 

2500f if 2f3f4 + 100fo'i^2'y3f5 + 50fof 2'y4f5 > fll0.4[ 4) 



> 625f 1^4 + 500fof|f4 + 500f if 2^5 + f o^^g • 

As it is claimed in Lemma [10.11 below, the inequalities (110.21) . (110.31) . (110. 4p . 
where Vk = VkiV) are the cross-sectional measures of the solid compact set 
V of the appropriate dimension, are the consequences of the Alexandrov- 
Fenchel inequalities. This completes the proof. Q.E.D. 

REMARK 10.1 : All this business works up to certain n, hut it does not work 
for all n. If n is large enough, then the conditions vl > Vk^iVk+i, I < k < 
n — 1 , posed on positive numbers Vk does not imply the inequalities Ak > 
for all k = 1, . . . , n, where Ak is constructed from ak = (jlj'Vk- Already by 
n = 30, A5 < for certain Vk satisfying these conditions. Moreover, as we 
will see later, forn large enough, there exist examples of such compact convex 
sets y C for which the Minkowski polynomial My is not dissipative, and 
the Weyl polynomial Wgy is not conservative. In such examples the sets V 
are although solid, but 'almost degenerated'. 

LEMMA 10.1 : Let Vk, < k < n, be strictly positive numbers satisfying the 
inequalities 

vl > ffc_iffc+i, 1 < k <n - 1 . (10.5) 

Then: 

1. Ifn = 3, then the inequality (110.21) holds; 

2. Ifn = A, then the inequalities (110. 3p holds; 

3. Ifn = 5, then the inequalities (110. 4p holds. 
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PROOF of LEMMA[Tn31 Given k, 1 < k < n-2, multiplying the inequalities 

vl > Vk-lVk+l, > VkVk+2, 

an then cancelling on VkVk+i, we obtain the inequality 

VkVk+i > Vk^iVk+2 , I < k <n - 2 . (10.6) 
In particular, for n = 3, A; = 1, as well as for n = 4, k = 1 and n = 5, k = 1. 

ViV2 > VqVs . 

This inequality imphes the inequality ([IE2D, fll0.3[2p and fll0.4[2p . Multi- 
plying the inequahty V1V2 > VqVs with the positive number t>3, we obtain 

V1V2VS > vqvI (10.7a) 
For n = A, k = 2, the inequality (110.61) means 

V2V3 > V1V4. 

Multiplying the inequality V2V3 > Viv^ with vi, we get 

V1V2V3 > vfv^. (10.7b) 

The inequahties ffTOTD imply the inequahty fll0.3[3l) and fll0.4[3l) . 
Multiplying the inequality V2V3 > V1V4 (this is (|10.6p for A; = 2,n = 5) with 
V1V4, we obtain 

V1V2V3V4 > vfvl . (10.8a) 

Multiplying the inequality V1V2 > fofs (this is (|10.6p for A; = l,n = 5) with 
^3^4, we obtain 

f If2f3f4 > VoV^Vi . (10.8b) 

Multiplying the inequality f 3^ 4 > V2V5 (this is (|10.6p for A; = 3, n = 5) with the 
positive number V1V2, we obtain 

V1V2V3V4 > V1V2V5 . (10.8c) 

Further, multiplying the inequalities f if 2 > f of 3 (this is (|10.6p for A; = 1, n = 5) 
and V3V4 > V2V5 (this is (|10.6p for A; = 3, n = 5), we obtain that fif4 > t'o'^s- 
Rising it to square, we obtain 

2 2 \ 22 
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Multiplying this inequality with the inequality V2V3 > V1V4 (this is (|10.6p for 

k = 2,n = 5), we obtain that 

V1V2V3V4 > fpfg . (10. 8d) 

Since 2500 > 625 + 500 + 500 + 1, the inequality (I10.4[4|) it the consequence 
of the inequalities fllO.Sp . (The number 2500 is the coefficient before the 
monomial fif2f3f4 in the left hand side of fll0.4[4p . the numbers 625, 500, 
500, 1 are the coefficients before the monomials vfvl, fof|f4, viv^v^ and v^vl 
in the right hand side of fll0.4[4p respectively.) Q.E.D. 

PROOF of THEOREM 12.31 We apply the Criterion of conservativity, which was 
formulated in the previous section, to the Weyl polynomial W^. Opening the 
determinants A^, fl9.12p , and taking into account that 02/ = for / > 



we obtain that for n < 5, that iscj for m 



< 2, 



Di = mao (10.9.1) 
Do (10.9.2) 

D3 = ao(('^ — l)ct2 ~ 2maQa4j , (10.9.3) 
D4 = 0004(02 — 40004) . (10.9.4) 

where we should take 02; as in (19.131) . 

According to the Conservativity criterion, we have to prove that Di > 0, 
D2 > 0, ■ ■ ■ , D2m > 0, where m = | . 

Since V is solid, Vk{V) >0,0<k<n + l. (Corollary Ob and ([HSD •) 
Thus, the determinants Di, D2 are always positive. 

Therefore, if = 2, or if n = 3, that is if m = 1, the Weyl polynomial 
is conservative. Of course, this fact is evident without referring to the 
conservativity criterion: 

In the case n = 2, according to (19.81) or (19. 2p . 

W^{t) =3v2 + 3vot\ 
In the case n = 3, according to (19.81) or (19. 2p . 

W^{t)=vs + 3vit\ 



^Recall that n = dimM, n + 1 = dim : M = 
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Evidently, in both cases, n = 2 or n = 3, the polynomial is conservative. 
In the cases n = 4, n = 5, to what corresponds m = 2, 

According to (19.131) . we have to take in the cases: 
In the case n = 4 

ao = 15fo, a2 = 30^2, = 5f4 . 

Thus, 

Ds = 15t;o(900f^ - 300t;of4) . 
The conditions > 0, > take the form 

3vl>VoVi. (10.10) 

In the case n = 5 

ao = 90fi, 02 = 60^3, a4 = 6^5 . 

Thus, 

Ds = 90t;i(900t;^ - 300t;of4) . 
The conditions > 0, D4 > take the form 

5vl > 3viV5 . (10.11) 

So, in the cases n = 4 and n = 5 the property of the Weyl polynomial be 
conservative is equivalent to the inequality (110.101) and (110. lip respectively, 
where Vk = VkiV) are the cross-sectional measures of the solid compact set 
V generating the surface M : M = dV. In its turn, the inequalities (110.101) 
and (110. lip are evident consequences of the inequalities f| > f 0^4 and w| > 
V1V5 respectively. The latter inequalities are special cases of the inequalities 
(19. 3p . (See Lemma 19.21 ) Thus, in the cases n = 4 and n = 5 the Weyl 
polynomial of infinite index is conservative. By Lemma 12.11 all Weyl 
polynomials Wy^, p = l,2,3, ... , are conservative as well. □ 
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11. EXTENDING OF THE AMBIENT SPACE. 



Adjoint convex sets. Let ^ be a compact convex set, V C M". However 
we may consider tlie space M" as a subspace of ttie space M""'"'^ of a liigher 
dimension g = 1, 2, 3, . . . . The embedding M" to M""'"'^ is standard: 

M". ^ ^n+, . ^^^^ . . . , e„) ^ (ei, . . . , a; o^_^). 

g 

Thus, the set V, which originally was considered as a subset of R", may also 
be considered as a subset of M""*"^. In other words, we identify the set V C R"' 
with the set V xOg, which is the Cartesian product of the set V and the zero 
point 0" of the space W: V x 0" c R("+5). 

DEFINITION 11.1: Given a compact convex set V, V G R", and a number 
g, g = 0, 1, 2, 3, . . . , the q-th adjoint to V set V^'^^ is defined as: 

V X 0^ l/^") C , (11.1) 

where 0"^ is the zero point of the space R^, and the space R"+^ is considered 

as the Cartesian product: R"+'? = R" x R''. 

The Minkowski polynomial M^^q^ of the q-th adjoint set V^'^\ 

= yo\n+giV xO^ + tB"^'i), (11.2) 
is said to be the q-th adjoint Minkowski polynomial for the set V . 

For q = 0, the set V^^'' coincides with V, and the polynomial M^^qo coincides 
with . For g = 1, the set V^*^^-* is what we are called the squeezed cylinder 
with the base V. 

Minkowski polynomials for adjoint sets. Let us answer the natural 
question: 

How the polynomials My"(t) and M^"^Qq{t) are related"! 

The answer this question will be done by an inductive reasoning. Lemma [TTTT] 
below provides the step of the induction. 
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LEMMA 11.1 : Let V be a compact convex set in M", and 

Mf(t)= E <"iy)t' (11-3) 

0<fc<n 

be the Minkowski polynomial with respect to the ambient space M". Then the 
Minkowski polynomial M^^^ (t) is equal to: 

MS(t)=tE "-^^^^^mTiV)t>'. (11.4) 



The following theorem completes the inductional reasoning: 



THEOREM 11.1 : Let V be a compact convex set in M", and 

MT{t)= E <"iy)t' (11-5) 

0<fe<ra 

be the Minkowski polynomial of the set V. Then the q-th adjoint Minkowski 
polynomial My'^^Kt) of the set V is equal to: 

Mro:W= E rnT{V)^ft'-^^, (11.6) 

0<fc<n 

where 

7? = vr^/^^p^, fc = 0,l,2,... ; g = 0,l,2,.... (11.7) 



A sketch of proof of this theorem can be found in |Hadj . Chapter VI, Section 
6.1.9. A detailed proof is presented below. 



REMARK 11.1 : Theorem \11.1\ means that the sequence of the coefficients 

Vx09- 



{mf+'(V X 09)}o<fe<„+g of the polynomial Ml^.''' 



MT2{t)= E rnr\V^^^)t' (11.8) 



a<k<n+q 
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are obtained from the sequence of the coefficients {mk{V)}Q<k<n of the poly- 
nomial My", f lll.Sp . by means of shift and multiplication: 

mT'''(V^x 0^) = 0, 0<A;<g; (11.9a) 

mllWv X 0"^) = mf (F)7?, 0<k<n. (11.9b) 

REMARK 11.2: According to Theorem 111.11, the transformation which maps 
the polynomial My" into the polynomial My^^^q is essentially of the form 

J2 rukt''^ J2 lkmkt\ (11.10) 

0<fe<ra 0<fe<ra 

where 7^ is a certain sequence of multipliers. ( The factor t^ before the sum 
in f lll.6p is not essential). The transformations of the form flll.lOp were 
already discussed is Section There such transformations were considered 
in relation with location of roots of polynomials and entire functions. 

LEMMA 11.2 : For any g, g = 1, 2, 3, . . the sequence {7/?''}fc=o, 1,2, ... is not 
a multiplier sequence in the sense of Definition 15.31 

PROOF. In Section [13] we explain that the entire function 

l^,it)= E TT^' (11-11) 

has infinitely many non-real roots. The entire function ^q{t), (lll.lip . appears 
as the function Ais^xoi (t) in Section [51 (Up to a constant factor which is not 
essential for study the roots.) According to the Polya-Schur Theorem, which 
was formulated in Section [5], the sequence {7fc'''}fc=o,i,2,... is not a multiplier 
sequence. □ 



REMARK 11.3 : In Sectionl^we study the function fiq{t) in much more details 
that it is needed to prove Lemma lll.2[ The study of section [3 is aimed to 
clarify for which q the roots of the function in question are located in the 
left half plane. The question whether there are non-real roots is much more 
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rough. This question may be answered from very general considerations. The 
function fig admits the integral representation: 

1 

= qugjil - a^~'ee«*rfe. (11.12) 



(Expanding the exponential e^* into the Taylor series, we see that the Taylor 
coefficients of the function in the right hand side of fill .121) are the numbers 

-^.) From (111.121) it follows that the function fiq{t) is an entire function of 
exponential type, and that its indicator diagram is the interval [0, 1]. More- 
over, ^v^V-oo<t<oo 1/^9(^*^)1 < -^''^ particular, the function Hqiit) belongs to 
the class of entire functions which is denoted by C in ]Lev^ . Lecture 17. 
From Theorem of Cartwright-Levinson (Theorem 1 of the Lecture 17 from 
|Lev2] ) it follows that the function fiq{t) has infinitely many roots, these roots 
have positive density, and the 'majority' of these roots is located 'near' the 
rays argt = | and argt = — f ■ In particular, the function fJ,q{t) has infinitely 
many non-real roots. (We already used this reasoning proving Statement 2 
of Theorem □ 

PROOF of LEMMA [ITU Let (x, s) G M''+\ where x G M", and s G M. Then 

by Pythagorean theorem, 

dist^n+i((a;, s),V x 0) = dist^„(x, \/) + s^. 
Therefore, the equivalence holds: 

(^distMn+i((x,s), V" X 0) < (^distKn(x,r) < Vt^ - s"^^ (11.13) 

Let 

Tf;'o\(t) = {(x, s) G M"+^ : distKn+i((x, s), V x 0^) < t}. (11.14) 

be the t-neighborhood of the set x 0^ with respect to the ambient space 
W+\ Thus, 

VoWi(2:f;oUt)) = Mf:,\it). (11.15) 

For fixed s G M, let &{s) be the 'horizontal section' of the set 1y"^Qi{t) on 
the 'vertical level' s: 

&{s) = {x G : {x, s) G l^^t)}. 
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It is clear that 

VoUiClf;o\(t)) = J Vo\n{&{s))ds . (11.16) 
The equivalence (I11.13P means that 

e(s) = Tf (Vt^^) = {a; G M" : distMn(s, V) < VW^}. 

Thus, 

Vol„(6(s)) = MfiVt^^). (11.17) 
From ffTLTHD and ffTTTTD it follows that 

-t 

Changing variable s ts^^"^, we obtain 

1 

M^;^\t) = t J Mf{t{l - sf^)s-''^ds. 



Substituting the expression (11.311) for My" into the last formula, we obtain 

MT:oAt)=t E m,{y)t^]{l-sf'\s-'''ds. 

0<k<n Q 

According to Euler, 




Thus, holds. □ 

PROOF of THEOREM [TLII For g = 0, the statement of the Theorem is 
self-evident. Let us show how to pass from g to g + 1. Since V x 0'^"'"^ = 
{V X 0'?) X 0^ and M^+^+i = W+i x M\ we can apply Lemma [nH] to the 
convex set V x 0'^ whose Minkowski polynomial is (111.61) by the induction 
assumption. The induction assumption can be formulated as 

m^;'''(V X 0'') = 0, < A; < g; (11.18a) 

mT\V X 0'^) = mr^iV) q<k<q + n. (U.lSb) 
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By Lemma [1.21 



m 



(n+<7) + l 



((V X 0^) X 0^) = 0, A; = 0; (11.19a) 



^'"■^''"^((V X 0^) X 0^) = mTT\{V X 0^)) ■ , l<k<n + q + l. 

(11.19b) 

In view of the identity 

(g) (1) _ {q+1) 
Ik ' Ik+q ~ Ik ' 

(111.191) takes the form (Ill.lSp with q replaced by g + 1 . g 

REMARK 11.4: From ([L6]) and ffTTTI) it follows that 

= 5^ . (11.20) 

^k 



Thus, the equalities (]11.9b|) can he rewritten as 



<;;(^xo^) rnT{v) 

^k+q ^k 



g = 0, 1, 2, .... (11.21) 



The equality f lll.2ip holds for k = 0, 1, . . . , n. For other k, the value 
m^"(V") is not yet defined. Let us agree that 

ujk = l for k<0, mf(y) = for A; < and for k>n. (11.22) 

Under this agreement, the equality flll.2ip holds for every /c G Z: for k > n 
or for k < —q (111.211) is trivial, for — g < k < —1 it coincides with (lll.9ap . 
forO<k<n- with f|Tr9bl) . 



The Minkowski polynomials for the g-th adjoint to the ball 5". In 

particular, applying Theorem 1 11. II to the case V = 5", 5" C M", we obtain: 

MBnxo.it) = uj^LOgfiMBr^Mnt) , (11.23) 
where the normalized Minkowski polynomial Aisnxoi is defined as 

^ ^1 r(2 + i)rf^ + 1) t'^ 
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The polynomial Ais^xoi is the Jensen polynomial associated with the entire 
functions M^"^^': 

M {t) =3n{MBo.^0'^;t), (11.25) 

where 

MB^xO'i[t) - 2^ WkW~V\ T]- (11.25) 

0<fc<oo {~ + -"-J 

Comparing with ( ]11.12p . we obtain Comparing with ( ]11.12p . we obtain 

1 

MB^xO'>{t)=qJ{l-e)'-'^e^'d^. (11.27) 



For every g = 0, 1, 2, . . . , the function M.b°°xoi is an entire function of the 
exponential type one. 



LEMMA 11.3: 



1. For g = 0, 1, 2, 4, the entire function A4 the Hurwitz class 
IK/ 

2. For q > 5, the entire function AiB^^xoi is not in the Hurwitz class: it 
has infinitely many roots in the open right half plane {z : Im^; > 0}.. 

Proof of this Lemma is presented in Section [T3i Statement 2 is a consequence 
of the asymptotic calculation of the function M.b°^xoi- (See Lemma [13.11 ) 

For q = 0, the function J^b°°xoo = e*, thus it is of type I in the Laguerre- 
Polya class: J^b°°xoo £ Xl'-J'-I. For q = 2 and g = 4 the functions A4b°°xoi 
can be calculated explicitly and investigated by elementary methods. The 
case g = 1 is more involved. The case g = 3 remains open. g 

PROOF of Statement 1 of THEOREM [O Let g > 5 be given. According 
to statement 2 of Lemma [11.31 the function ^AB°°x01 has infinitely many 
roots in the open right half-plane. In view of the approximation property of 
the Jensen polynomials (Lemma 14. ip . for n > n{q) some roots of the Jensen 
polynomial 3n{MB^xoi]t) are located in the open right half-plane. In view 
of (111.231) and (111.251) . some roots of the Minkovski polynomial Mb^xqi of 
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the (non-solid) convex set -B" x 0'^, 5" x 0"^ C M""'"'', are located in the open 
right half-plane. Fix n : n > n{q). Consider the ellipsoids -En,i},£ defined in 
(12.91) . En,q,e C M""'"'?. For e > 0, the ellipsoid En,q,e is a sohd convex set with 
respect to the ambient space M"+''. The family of the convex sets {En,q,e}e>o 
is monotonic, (See Remark [1.6 1 and footnote [7]) , and 

lim E„ „ e = 5" X 0". (11.28) 

It is known that the Minkowski polynomials My(t) depends on the set V 
continuously: see Section [8] and footnote [231 Therefore, 

locally uniformly in C. Hence, there exists 6{q,n), e{q,n) > such that the 
Minkowski polynomial M^"^^^ ^ has roots located in the open right half-plane. 

□ 



The Weyl polynomials for the surfaces of the adjoint convex sets. 

Passing to define the so-called adjoint Weyl polynomials Wy^^q, we do this 
following Definition 11.91 sample. 

DEFINITION 11.2 : Given a convex compact set V , V G M", and a number q, 
g = 0, 1, 2, 3, . . . , , the q-th adjoint Weyl polynomial W^a(yx09) ^/ index 
1 for the convex surface diV x 0^) is defined by means of the odd part of the 
q-th adjoint Minkowskii polynomial M^^Qq : 

2tW^a(vxo.) it) Mf;;, (t) - MllZ (-t) , (11.30) 

where M^"^)' is the q-th adjoint Minkowskii polynomial which was introduced 
in Definition II 1.1[ In more detail, 

Ws\v.o^){t) =j:^Ziiy X o«)t^' . (11.31) 

From (111.311) we may define the Weyl coefficients k2i{d{V x 0'^)) according 
to Definition [TTOl 

k2iid{V X 0")) = m^;j(\/ X 0'?)^^^ . (11.32) 
26 According to the agreement (|11.22p . TO|'^j'(t/ x 0«) = for + 1 < or 2/ + 1 > n + q. 
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Then we define the Weyl polynomials W^J'(yx09) with higher p according toEll 
Definition OTl 



DEFINITION 11.3 



W^aVxo.) W = E k2i{d{V X 0^))(2vr)-'^t2' . (11.33) 

Thus, 



^W,Vxo.)W = Y.'^^^^^^^^^-^^-^^i^pt-'^'- (11-34) 



Let us clarify how the Weyl polynomials for the convex surfaces dV and 
d(y X 0'^) are related. Here we also have to distinguish the cases even and 
odd q. 

LEMMA 11.4: Let V, V G M", be a solid compact convex set, and let p > 
0, q > be integers. Then 

1. For even q 

^pt' ■ ^aVxo.)W = ■ WE^'it) ; (11.35) 

2. For odd q 

^pt" ■ Wly.Ut) = ujp^.^it^+'^-'W^etf^Ut) . (11.36) 



PROOF of LEMMA ril.4[ We distinguish cases of even and odd q. 

1. g is even. The equality flll.2ip with A; = 2Z + 1 — g takes the form 

From this and (111.34!) it follows that 

™ie" (y\ 
^^Remark that = {2ir)-''^ . 

r(f + z + i) ^ ^ ojp 
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Changing the summation variable: + |, we obtain 

^pt'Wl^V.O.) it) = E ^^^^^ t'^^'^' . 

The expression in the right hand side of the last equality has the same struc- 
ture that the expression in the right hand side of flll.34p . with VxO'^ replaced 
to V, p replaced hj p + q, q replaced by 0. So, (111.351) is proved. 
2. g is odd. The equality flll.2ip implies the equality 



^21 + 1 ^2l+l-(q-l) 

From this and (111.341) it follows that 

, , fPwP - V "^2f+V(g-l)(^ X 0^) 21+p 

Changing the summation variable: 1-^1 + we obtain 

, , mA/P (-t^ - \^ "^1+1 X 0^) 2l+p+q-l 

The expression in the right hand side of the last equality has the same struc- 
ture that the expression in the right hand side of (lll.34p . with x 0'^ replaced 
to X 0^, p replaced by p + g — 1, g replaced by 1. So, (I11.36P is proved. □ 

The meaning of Lemma 111.41 lies in the following. Studying the location 
of roots of Weyl polynomials related to convex surfaces there is no need to 
consider the boundary surfaces d{V x 0'^) of g-th adjoint convex sets x 0^ 
for arbitrary large g. It is enough to restrict the consideration to the cases 
g = and g = 1 only, that is to the case of the set V itself and to the case 
of the squeezed cylinder with the base V. 



PROOF of Statement 2 of THEOREM O By Statement 2 of Theorem [631 
the entire function Wg^^'^o^^o) infinitely many non-real roots which. (We 
have assumed that p + g — l>5.)Ifnis large enough, the Jensen polyno- 
mial >V^/^^+\^o)(t)=J2[n/2](VV^('zfo^xo); ^) non-real roots. According 
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to (14.12b|) and (14.13bp . the Weyl polynomial ^^^^^^^^{t) has roots which do 
not belong to the imaginary axis. By Statement 2 of Lemma 111.41 

TI/P _ ^P+g-l /q-lTI/P+g-l 

^^'^ d{B"xOi) ~ ujp ^ '^'^a(B"xO)- 

Thus, the Weyl polynomial ^^/(^nxo'j) has roots which do not belong to the 
imaginary axis. For fixed g, n and a positive e, consider the ellipsoid E^^q^^ 
defined by ([23]). Since En,q,e ^ 5"xO« as e ^ +0, also W^^ ^ ^ ^^ajs^xo^) 
as e +0. Hence, if e is small enough: < e < e{n,p,q), the polynomial 
We^ q e has roots which do not belong to the imaginary axis. □ 



12. THE MINKOWSKI POLYNOMIAL OF THE CARTESIAN 
PRODUCT OF CONVEX SETS. 

Let Vi and V2 be compact convex sets. 

Then the Cartesian product Vi x V2 is a compact convex set embedded into 
the Cartesian product M"^ x W^'^. Since M"^ x M"^ can be naturally identified 
with R"'!"'""'^^ -^g Qa.n consider Vi x V2 as being embedded into W^^^"^^: 

X ^2 C 

The natural question arises: 

How to express the Minkowski polynomial M^"^^y^ for the Cartesian product 
Vi X V2 in terms of the Minkowski polynomials ^ and M^^^ for the 

Cartesian factors V\ and V2 ? 

To answer this question, we introduce a special multiplication in the set of 
polynomials, the so-called M-multiplication, which is suitable for this goal. 



DEFINITION 12.1 : The M-productt'^ °t'^ of two monomials t'' andt^ is defined 



as 



i. ,df r(| + i)r(| + i) 

= ^ , ^ ^\ ' A;>0, />0. (12.11 

r(^ + i' , - , - y } 



^^The Minkowski polynomials My^^ Mv2, MvixV2 ^'^'^ considered with respect to the 
ambient spaces M"i, M"^ M"i+"2 respectively. 
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It is clear that 

a), t^ot'' = t'', b). t'^ot' = t'°t^ c). (t^°t')°t'" = t^°(t'°r). (12.2) 

The M-multiplication (|12.1|) of monomials can be extended to the multiplication of 
polynomials by linearity: 

For A{t) = '^kt\ B{t) = (12.3a) 

0<fc<n^ 0<l<n^ 

0<k<ni, 0<k<ni,0<l<n2 [~2 j 

0<l<n2 

and finally, the M-product A° B of the polynomials A and B is defined as 
{A^Bm= E E -^b, ^'J,l' (12.3b) 

0<r<ni+n2 V fc>0,Z>0,fe+/=r ' 



From ffmi b) and ([1221c) it follows that 

AoB = BoA, {A^B)oC = A^{BoC) 

for every polynomials A, B, C. In particular, the 'triple product' A°B °C is 
well defined. This triple product can be explicitly expressed in terms of the 
coefficients of the factors: if 

A{t)= Y ^kt\ B{t)= Y bit\ C{t)= E c^r, 

0<fc<ni 0<l<n2 0<m<n3 

then 

{A^B^cm= E E -^b,c^ Lilr.;} ^ h^- 

0<r<ni+n2+ni\k>0,l>0,m>0 J- 1 2 / ^ 

k+l+m=r 

It is clear, that for every number A and for every polynomials A and B, 

{XA)oB = X{AoB). 
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Moreover, if 

I(t) = l, T{t)=t, 

then 

IoA = A. 

Thus, the polynomial I is the unity with respect to the M- Multiplication. 
It is worthy to mention that 



k 



^ 1 ' r(| + i) ^ ^ 



REMARK 12.1: The M -multiplication by the polynomial T is related to the 
transformation of the form fill. 101) .■ 

If A{t)= J2 ^kt", (12.5a) 

0<fc<n 

then ( Jo ■■■ °T °A)(t) = 2-PtP ^ afc7t^^^ (12.5b) 

p 0<k<n 

where the 'multipliers' '-^'^^ are defined by (111.71) . 



LEMMA 12.1 : The M-product A°B of polynomials A and B admits the in- 
tegral^ representatiow^ 

t 

{AoB){t) = A{0)B{t) + J A[{t^ - r2)V2j dB{T) , (12.6a) 



as well as 

t 

{AoB){t)=A{t)B{Q) + J B({t^-T^f'^) dA{T). 





^^The integrals in the right hand sides of (|12.6p are Stiehjes integrals. 
30 At least, for t > 0. 
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PROOF. First of all, the expressions in the right hand sides of fll2.6l) are 
equal: Integrating by parts and replacing the variable r — * (t^ — t^)^/^, we 
obtain 

t t 
A(0)5(t) + j A({e - T^f'^) dB{T) = A{t)B{0) + J B^if - T^f'^) rfA(r). 



So, the expressions in the right hand sides of fll2.6p which at the first glance 
are asymmetric with respect to A and B actually are symmetric. Let 

A{t)= Yl B{t)= Yl bit' 

0<k<n^ Q<l<n^ 

be the expressions for the polynomials A and B in terms of their coefficients. 
Let us substitute these polynomials into the right hand side of fll2.6al) : 

t 

A{0)B{t) + J A[{t^ - T^/^) dB{T) = 



ao E kt'+ii E a,{t' - rr^') ■ ( E 1^^''] 

0<l<n^ ^0<fc<n^ / \l<l<n^ I 

t 



dr 



0<fc<ni 
l<l<n2 



Changing variable r tr^^'^, we get 

t 1 
I f{t^- T^fl^'-^dr = t^+\l/2) /(I - Tf/\"^-^dT 



t'^\l/2)B{^ + l,l 
Now, according to Euler, 

numC' + 1- '^(' + ^)'''(') - r(l + i)ra + i) 

Thus, the right hand side of fll2.6al) can be transformed into the right hand 
side of ([l2Jb]). Q.E.D. 
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THEOREM 12.1 : Given the compact convex sets Vi and V2, Vi C W\ V2 C 
W^, let M^"'(t), M^^'(^) ^6 Minkowski polynomials for the sets Vi and 
V2. Then the Minkowski polynomial M^^^^y^ of the Cartesian product Vi x V2 
is equal to the M-product of the polynomials My"^ and My^^^ : 

Mv,xV2 =^yi °My^ . (12.7) 

A sketch of proof of this theorem can be found in |Hadj . Chapter VI, Section 
6.1.9. A detailed proof is presented below. 

REMARK 12.2 : Let S be 'the origin' ofM}, that is the one-point set: 
5 = {t : t = 0}. Then Ms{t) = 2t, that is 

Msit)=2T{t). (12.8) 

Let V be a compact convex set embedded into . The Cartesian product 
V X 5* X ■ ■ ■ X 5^ can be identified with the convex set x 0^, V x 0^ C M'^+p. 

p 

Thus, 
or 

2P( T° ■■■ °T ) o Mf = M^to. • (12-9) 
p 

In view of (112. 5p and (112.81) . the equality (112.91) is another form of the equal- 
ity ffTTel) . 



PROOF of THEOREM [TO Denote 

V = VixV2. 

According to the identification M"^"*""^ = W^^ x IR"^, we present a point 
X e ]R"i+"-2 pgjj, 2; = (xi, 0:2), where Xi G M"^, X2 G W^'^ . It is clear that 

dist^ni+n2 (x, V") = dist^ni(a;i, Vi) + dist^n2(x2, V2). (12.10) 
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For r > 0, r' > 0, r" > 0, let V{t), Vi{t') and ^(t") be the r-neighborhood 
of V with respect to M^i^^^^ ^j^g r'-neighborhood of Vi w. r.t. M^^ and r"- 
neighborhood of V2 w. r. t. M"^ respectively: 



Here 5"" be the Euclidean ball of the radius one in M". (With n = ni + 
n2,ni, n2 respectively.) 

Given a number t, t > 0, consider the t-neighborhood V{t) of ^ = Vi x V2, 
and let 

= To < Ti < ... < Tn-1 <Tn = t 

be a partition of the interval [0, t\. From (112. lOp it follows that 

(Vi(0) X V,{t))vj( U (Vi(r,) \ Vl(r,_0) x V,{{e - rlf')) 

^ l<k<N ^ 

C V{t) C (12.11) 
(VM X V^2(t))u( U (Vi(r,) \ Vi(r,_i)) x V, (if - r,^_i)^/^)) . 

Since Vx{jk) ^ V'i(rfc_i), 

Vol„, (\/i(rfc) \ Vi(r,_i) = Vol„, (Vi(r,)) - Vol,, (Vi(rfc_ 



1^ ' 



thus 

Vol„,+„,(^(Fi(rfc) \ yi(rfe_i)) X ^2 (if - rlfl") 

(voL,(Vi(rfc)) -Vol„,(vi(r,_i))) • Vol„,(^\/2((t'-rf)^/2^), 

/ = /c — 1 or / = /c. 

Moreover 

VoU,+„J\/i(0) X l^2(t)) = Vol,,(\/i(0)) ■ Vol„,(y2(t); 
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In the notation of Minkowski polynomials, the last equalities take the form 
Vol„,+„,((ri(r,) \ ri(r,_0) X V, {{^ - r]f/')^ = 
(^MvM) - MvATk^i)^ ■ Mv,{{f - rf)'^'), I = k - 1 oi I = k, (12.12a) 
Vol„,+„,(^Vi(0) X V2(t)) = MvAO) ■ MvM , (12.12b) 

and also 

Vol„,+„,(v(t)) =Mvit). (12.12c) 

Since the sets Vi(rfe) \ Vi(rfc_i) for different k do not intersect, and none of 
these sets intersects with the set Vi(0), it follows from fll2.1ip and (112.121) 
that 

l<k<N ^ ^ 

< Mvit) < (12.13) 

l<k<N ^ ' 

Passing to the limit as max (r^ — rfc_i) ^ in the last inequality, we express 
the Minkowski polynomial My if) as the Stieltjes integral 

t 

Myit) = MyM ■ My,{t) + j My,[{t' - T^y/') dMy^^r) . (12.14) 



According to Lemma 112.11 the expression in the right hand side of (112.141) is 
equal to (My, ° My^^ (t). Q.E.D. 



13. PROPERTIES OF ENTIRE FUNCTIONS GENERATING 
THE MINKOWSKI AND WEYL POLYNOMIALS 
FOR THE DEGENERATED CONVEX SETS 5"+^ X O^. 

In this section we investigate location of roots of the entire functions generat- 
ing the Minkowski and Weyl polynomials related to the 'degenerated' convex 
sets 5"+^ X 0"?. These are: 



78 



The entire functions Ais^xoi which appears in fill. 261) . in particular 
for g = 1 in fl4.7bp . 



• The entire function W^j-^ooxo)' I < p < oo, which appears in fl4.11cp . 

• The entire function yVQ^B°°xo) which appears in (14.11dp . 

The functions J^b^xoi, ^a(B°°xo)^ 1 < p < oo can not be calculated explic- 
itly (except a very special values of the parameters p or q), but they can be 
calculated asymptotically. 

The above mentioned functions admit integrable representations: 

1 

>iB«xo.(t) = ^/(l - ^Y'~'^e^'d^; (13.1) 



1 

WaVxo)W = p/(i-e')^^'ecostec^e; (13.2) 


These integral representation can be used for the asymptotic calculation of 
the functions M 3^^x01, ^d{B°°xo)- 

Another way to to calculate the functions (113.11) , (113. 2p asymptotically is 
to use the structure of their Taylor series. The Taylor coefficients of each of 
these functions are ratios of factorials: these functions belong to the so-called 
Fox- Wright function, |CrCs4j . 

The Fox-Wright function is defined as 

' ' 1 ' - - ' „ J^^ YIU r(p. k + a,)- k\- ^''-'^ 



Comparing (113.30 with the Taylor expansions (lll.26p . (I4.11cp . fl4.11dp . we see 
that 

AlB"xo.(t) = r(^| + l)- i^ijf; , l<g<oo, (13.4) 

Wa%«=,oi)W = r(i)-r(f + l)-iVl/2|;;i,^^;-^| , l<p<oo, (13.5) 

Asymptotic behavior of the functions p^q{z) has been studied by E. Barnes, 
[Bi?] . G.N.Watson, [TO], G. Fox, [^), E.M.Wright, [MI], [Wr2] . 
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Analysis of the function Ais'^xoiit)' We would like to investigate for 
which q this function belongs to the Hurwitz class "K. According to fll3.4p . 

we may readdress the question to the proportional function i\E'i | J ; ; z 

From the Taylor expansion it is clear that this function is an entire function 
of exponential type. Since the Taylor coefficients of the function are positive, 
its defectEll is non-negative. So, the function M-B^xoiit) is in the Hurwitz 

class is and only if all roots of the function i\t'i 1 2 ; are situated 

in the open left half plane. To investigate the location of roots of the last 
function, we use the following asymptotic approximation, which can be de- 
rived from the results stated in jWrl] . [Wr2] : 

vr 

For any e : < e < —, 



222; 2 {1 + ri{z)) , |arg2;|<| — e; 



ffr^z-^ + r2{z), |argz-7r| < f -e; (13.6) 

q 



2lz 2e^ + p4y2; '^\r-i{z), |argz=Ff|<£ 



The reminders admit the estimates: 

\r\[z)\ < Ci(e)\z\~\ I arg2;| < - 



2 

-2 ■ ■ - ^ 



\r2iz)\ < C2ie)\z\ ,|argz-7r|<- 



|r3(^)| <C73(|^|-2 + |e^||;2|-(f+i)) , |arg^T^|<£, (13.7) 



where the values Ci{e) < +00, C2{e) < +00, 6*3(5) < +00 do not depend 
on z. 

From (113.61) . 013.71) it follows that for any e > the function I'^i 1 1 ; ^l^', z 
has not more that finitely many roots outside the angular domain {z : 
I argz =F f I ^ ^- Inside this domain the analyzed function i\t'i 
has infinitely many roots, and these roots are asymptotically close to the 



1 1 

2 ■ 2 ■ 2- 

1' l+V 



3iWe recall that the defect of an entire function H of exponential type is defined by 
(O). 
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roots of the approximating function fq{z): 




m = 

Investigating the location of roots of the approximating function fq{z), one 
should distinguish several cases: 

qr = 4. In this case, the equation fq{z) = is the equation + | = 0, so, the 
roots of the approximating function can be found explicitly: these root form 
an arithmetical progression located on the straight line {z = x + iy : x = 
— In 2, — oo < y < oo}. From this and f ll3.6p - fll3.7p it follows that the roots 

of the the analyzed function i\l'i|2; function are asymptotically 

close to the above appeared straight line. Thus, for q = 4 all roots of the 

function i\E'i | J; ^^^-j z^ but finitely many are disposed in the open left half 

plane. Actually, for g = 4 all roots of this function are disposed in the open 
left half plane. To establish this, one need the further analysis. This will be 
done a little bit later. 

q 4. In this case, the equation fg{z) = is the equation 

e"^ + Co^a = , Co 



' r(f)' 

where the exponent | — 2 is different from zero. The last equation has 
infinitely many roots which have no finite accumulation points and which 
are asymptotically close to the 'logarithmic parabola' 

x = (| - 1) In (|?/| + 1) + /n|c|, -cx) < ?/ < oo , {z = x + iy). (13.8) 

From this and from (11 3. 61) - (113.71) it follows that the roots of the function 
i\l'i 1 2 ; are asymptotically close to the logarithmic parabola (113. 8p . 

Now we should distinguish the cases g < 4 and g > 4. 

qr < 4. In this case, the logarithmic parabola, (113.80 except may by its 
compact subset, is located inside the left half plane. Since the roots of the 
analyzed function are asymptotically close to this parabola, all roots but 
finitely many are located in the left half plane. 

q > 4. In this case, the logarithmic parabola, (113.80 except may by its 
compact subset, is located inside the right half plane. So, all roots of the 
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function i\E'i 1 2 ; ^'^^■^ z^, except finitely many, are located in the right half 
plane. 

Let us formulate this result as 

LEMMA 13.1 : If q > 4, then the entire function Ais^xoi has infinitely many 
roots within the right half plane. In particular, this function does not belong 
to the Hurwitz class 

Claim 2 of Lemma 111.31 is a consequence of Lemma 113. 1[ 

LEMMA 13.2 : For q : < q < 2, the function AiB"xoi belongs to the Hurwitz 
class 

PROOF. For 5 = 0, the assertion is evident: the function in question is equal 
to e^. To investigate the case g > 0, we use the integral representation 



where 



1 

I,{z)= j(l-ef.-^ie^Ui. (13.10) 



The defect of the entire function i^E'i jj; ^^g;zj is non-negative. So it is 

enough to prove that this function has no roots in the closed right half plane. 
The function Iq{z) is of the form 

1 

Iq{z) = |^,(Oe«^cie, (13.11) 


where 

¥'.(0 = (l-a^"'e, 0<e<l. (13.12) 
The crucial circumstance is: 

For q : < q < 2, the function (Pq{^) is positive and strictly increasing on 
the interval (0, 1). 
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LEMMA 13.3: [Polya] If (f{C,) is a non-negative increasing function on the 
interval [0, 1], then the entire function 

1 

I{z) = J me^'di (13.13) 



has no zeros in the closed right half plane. 



This lemma is a continual analog of one Theorem of one theorem of S. Kakeya. 
Proof of this Lemma and the reference to the paper of S. Kakeya could be 
found in |Polj , § 1 . We give another proof. We have learned the idea of this 
proof from |OsPe] . (See Lemma 4 there.) 

PROOF of Lemma ITOl Let 2 = x + iy. Since f{x) > for x > 0, f{x) 
has no zeros for < x < 00. Let us show that f{z) has no zeros for < 
X < 00, y 7^ 0. It is enough to consider the case ?/ > only. We prove 
that Im(e~^/(z)) < for z = x + x > 0, ?/ > 0, thus f{z) 7^ for 
z = X + iy, X > 0, y > 0. To prove this, we use the integral representation 



where 



e-/(2)= /V'KK^X, (13.14) 



0, 1 < 4 < 00 . 



In particular, 

00 

-(Ime-V(^))=/^(Osmez/c?e, z = x + iy, x > 0, y > , (13.16) 


where the function ^^{C) is non-negative and decreasing on [0,cx)), strictly 
decreasing on some non-empty open interval, and il){oo) = 0. Further, 

00 " 



V'(Osin^|/rf^ = ^ J tp{C)smCydC 



y 



_ 

/ ('f;(-l)'=^(e + !f)] sin^yd^ > : (13.17) 
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The series under the last integral is a Leibnitz type series. Thus the sum 
of this series is non-negative on the interval of integration, and is strictly 
positive on some subinterval. □ 

LEMMA 13.4 : For q = 4:, the function Ais^xoi belongs to the Hurwitz class 

PROOF. For 5 = 4, the integral in (113.101) can be calculated explicitly: 

+ + (13.18) 

Our goal is to prove that the function (^^ -6z+6)e +{z ~6) ^^^^ roots in the 
closed right half plane. Instead to investigate this function, we will investigate 
the function 

f{z) = (2^2 _ 6.2 + 6) + {z^ - Q)e-' . (13.19) 

We prove that the function f{z) has no other roots in the closed right half 
plane than the root at the point z = of multiplicity four. The function / 
is of the form 

f(z) = g{z) + h{z), where g{z) = {2z'^-6z+6), h{z) = {z^-6)e~\ (13.20) 

In the right half plane the function h is subordinate to the function g in the 
following sense. For R> 0, let us consider the contour F/j which consists of 
the interval Ir of the imaginary axis and of the semicircle Cr located in the 
right half plane: 

= U Cji , where Ir = [—iR, iR], Cr = {z : \z\ = R, Rez > . 

(13.21) 

It is clear that \g{z)\ > 1.75 \z\'^, \h{z)\ < 1.25 \z\'^ if z e Cr and R is large 
enough. In particular, \g{z)\ > \h{z)\ if 2; G Cr and R is large enough. On 
the imaginary axis, 

\g{ty)\^ = 36 + 12y^+Ay\ \h{zy)\^ = 36 + 12y^ + y\ < y < 00, (13.22) 

In particular, \g{z)\ > \h{z) \ for z G Ir, and the inequality is strict for z ^ 0. 
Thus, 

\g{z)\ > \h{z)\ for z eTr and R is large enough. (13.23) 



84 



For < £ < 1, consider the function 



f,{z)=g{z) + {l-e)h{z). (13.24) 

The function g, which is a polynomial, has two simple roots: Zi^2 = ^^y^- 
They are located in the open right half plane. In view of fll3.24p and Rouche's 
theorem, for e > the function fei^z) has precisely two roots Zi{e), Z2{e) in 
the open right half plane. For e positive an very small, the roots zi{e), Z2{e) 
are located very close to the boundary point z = 0. This can be shown by 
the asymptotic calculation. Since fs{z) = 6e + ^-^z^ + o(|2;|^) as z ^ 0, the 
equation fe^z) = has the roots zi{e), Z2{e) which behave as 



2^1,2 



5) =5324^6^^(1 + 0(e)) as£^+0. 



Since for e > the function has only two roots in the open right half plane, 
there are no other roots than zi{e), Z2{e) there. Since f{z) = limg^+o /e(^), 
the function f{z) has no roots in the right upper half plane. (We apply Hur- 
witz's theorem.) From (113. 22p it follows that the function / does not vanish 
on the imaginary axis except the point z = 0. At this point the function / 
has the root of multiplicity four. Thus, for g = 4 the function Iq{z) is in the 
Hurwitz class. □ 

Claim 1 of Lemma 111.31 is a consequence of Lemma 113.21 and Lemma 113. 4[ 

REMARK 13.1: From (113. 9p and (113.181) . the explicit expression follows: 

ri 1 1 (2z^ - 6z + 6)e' + (z^ - 6) , . . . 

i^i|f;^^,;z| = 2^ ^ ^ for q = A. (13.25) 

This expression agrees with the asymptotic (113. 6p . 



Analysis of the function y^Q(^B°°xo)'' may calculate the function 

^J(B°°xo) asymptotically expressing it in terms of the appropriate Fox- 
Wright function, (113. 5p . and then refer to the asymptotic expansion of this 
Fox- Wright function. However, we derive the asymptotic of the function 
yVg(^B°°xo) from the asymptotic of the function AiB^xOp{t)- From (113. ip and 
f fT3Jl) it follows that 

>^a%-xo)W = ^(-^B.xop(^t) + Ms-xoA-^t)) . (13.26) 
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Comparing fll3.26p with fll3.6p . we see that 

r 2i ri cos(t-f ) + p^r2 + ri(t), |argt|<£, 
= < 2f(te-^")"icos(t + f ) + ^r2 + r2(t), |argt-7r| <e, 
^2i(teTf )-ieT**(l + r3(t)), |argt±f| < f 

(13.27) 

where the reminders ri(t), r2(t), r2(t) admit the estimates 

|ri(t)| <Ci(£)(|tr(^+i)el^"^*l + |t|-=^) , |argt|<£, (13.28a) 

|r2(t)| < C2(£) (|t|"(^+§)el^"^*l + l^r^) , |argt-7r|<£, (13.28b) 
|r3(t)| < C^{e)\tn largt^^l < (13.28c) 

and Ci{e) < oo, C2{s) < oo, C^^e) < oo for every e : < e < |. Moreover, 
the function VVg^^ooxo)!^) is even function of t, and takes real values at real 
t. 

From ([I32ZD> dlMHD it follows that for every e > the function Wj'^^ooxo)!^) 
may have not more that finitely many roots within the angles {t : | arg {t =F 
|| < I — e} . Within the angle {t : | argtl < e}, the function VVg^^ooxo)!^) has 
infinitely many roots, and these roots are asymptotically close to the roots 
of the approximating function 

f,it) = 2ir i cos {t-Y) + Y^t-' , I argtl < £ . 

(Since the function VVg(^ooxo)('^) even, there is no need to study its be- 
havior within the angle {t : \ argt — 7r| < e}.) The behavior of roots of the 
approximating equation /p(t) = 0, that is the equation 

2^-f 

cos(t-f) + ^ti-2 = 0, |argt| <£, (13.29) 

depends on p. 
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If < p < 4, then all but finitely many roots of the equation fll3.29p are 
real and simple, and these roots are asymptotically close to the roots 
of the equation cos — ^) = 0. 

If p = 4, then all but finitely many roots of the equation fll3.29p are 
real and simple, and these roots are asymptotically close to the roots 
of the equation cos (t — n) =0. 

If p > 4, then all but finitely many roots of the equation fll3.29p are 
non-real and simple, they are located symmetrically with respect to the 
real axis, and are asymptotically close to the 'logarithmic parabola' 

bl = (f ~ + 1) ^P=f(|y' 0<a;<(X). 

Thus we prove the following 

LEMMA 13.5: For each p : < p < oo, the function VVg^^ooxo)!'^) ^^■^ 
finitely many roots. All but finitely many these roots are simple. They lie 
symmetric with respect to the point z = 0. 

1- If ^ P ^ ^! then all but finitely many these roots are real; 

2. // 4 < p, then all but finitely many these roots are non-real. In partic- 
ular, the function yVd{B°°xo)i^) ^^^^ ™^ belong to the Laguerre-Polya 
class £j-!P. 

LEMMA 13.6 : For < p < 2, as well as for p = 4, the function yVg(^B°°xo) 
belongs to the Laguerre-Polya class. 

PROOF. The equality (113.261) is a starting point of our reasoning. If the 
function AiB^xOp{t) is in the Hurwitz class J{, then the function 

n{t) = MB^xOp{it) (13.30) 

is in the class 7 in the sense of of [Levi] . 

DEFINITION 13.1: [B.Levin, [Livl], Chapter VII, Section 4.] An entire 
function Q{t) of exponential type belongs to the class 7 if: 
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1. Q{t) has no roots in the closed lower half-plane {t : Imt < 0}. 

2. The defect of the function uj is non-negative, where 

\Y,\n{-ir)\ — \n\n(ir)\ 
2dn = lim ^ ^ - lim ' ^ ^' . 

1 — ►+00 f r— >+oo f 

In the book |Levlj of B.Ya. Levin, the following version of the Hermite-Bieler 
Theorem is proved: 

THEOREM : [ [ Levlj . Chapter VII, Section 4, Theorem 7] If an entire func- 
tion Q{t) is in class T, then its real and imaginary parts ^Q{t) and ''Q{t): 

possess the properties: 

1. The roots of each of the functions ^Q{t) and ■'^(t) are real and simple; 

2. The root sets of the functions ^fl{t) and •^Q(t) interlace. 

Let us apply this theorem to the function Q(t) defined by (113.301) : 
taking into account that the function AiB"xOP is real: 

■MB"xOp(t) = -^_B"xOp(^)) or what is the same, A4B"x0p{^'it) = -^B"xop(^^)- 
Hence, 

^n{t) = -[MB^xOp{it) + MB"xOp{-it)) , 
or taking fll3.26p into account. 

Thus, the following result holds: 

LEMMA 13.7: // the function AiB"xOp{t) belongs to the Hurwitz class !K, 
then the function VVJ(booxo)(^) belongs to the Laguerre-Polya class 
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Combining Lemma [13. 71 with Lemmas 113.21 and 113.41 we obtain Lemma [13.61 

□ 



REMARK 13.2 : For the function VL{t) of the form ([TOOD . its real part ^VL{t) 
'^VL(t) has infinitely many non-real roots if p > A. Nevertheless, all roots of 
the imaginary part •'fl{t) are real for every p > 0. 



Indeed, according to (113. ip and (113.301) . 

1 

'm = pj (1 sinetrfe. (13.31) 







According to A.Hurwitz (see |Wat] . section 15.27), for every v > — 1, all 
roots of the entire function 



t\-'' _ . ~ (-1)' ft 



2\ I 



/!r(z/ + / + l) V4 

are real. ( Jjy(t) is the Bessel function of the index v.) For > |, the function 
(|)"'^J;y(t) admits the integral representation 

1 1 

Thus, for z/ > all roots of the entire function /(I — ^"^Y^^ costC, are 



real. If all roots of a real entire function of exponential type are real, then 
all roots of its derivative are real as well. Thus, for z/ > — | all roots of 

the function /(I — sint^ are real. However, for u = the last 



function coincides with the function ^ ■'fi(t). □ 

For p = 3, we do not know whether the function yVd(^B°° xo)i^) belongs to the 
Laguerre-Polya class or not. Our conjecture is that YES. Let us formulate 
our conjectures more precisely. Let us formulate our conjectures in terms of 
the Fox- Wright functions. 



89 



CONJECTURE 1. ForO<X< 2, all roots of the Fox- Wright function 
lie in the open left half plane. 

We proved that the answer is affirmative for < A < 1, and for A = 2. 
CONJECTURE 2. For < X < 2, all roots of the Fox-Wright function 

are negative and simple. 

We proved that the answer is affirmative for < A < 1, and for A = 2. 

From Hermite-Bieler theorem it follows that if Conjecture 1 holds for some 
A, then for this A Conjecture 2 holds as well. 

The conjectures 1 and 2 are related to some deep questions related to 'mero- 
morphic multiplier sequences'. (See |CrCs4] . Problem 1.1.) 

14. CONCLUDING REMARKS. 

1. In the present paper we use geometric consideration to a small extent. 
The only general geometric tool which we used was the Alexandrov-Fenchel 
inequahties. We did not use the monotonicity properties of the coefficients 
of the Minkowski polynomials. If Vq, Vi, V2 are convex sets, such that 

and Mv'o(t), Mvi(t), Mv2{t) are their Minkowskii polynomials, 
Mv,{t)= J2 ^k{V,)t\ j=0, 1, 2, 

0<A;<n 

then for the coefficients of these polynomials the inequalities 

mk{Vi) < nikiVo) < mk{V2) , < k < n. 
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hold. In this connection, the use of the Kharitonov criterion of stability may 
be helpful. (Concerning the Haritonov criterion see Chapters 5 and 7 of the 
book |BCK] and the literature quoted there.) The Kharitonov criterion deals 
with the 'interval stability' of polynomials. In its simplest form, this criterion 
allow to determine whether the polynomial 

f{t)= <^kt' (14.1) 

0<fc<n 

with the real coefficients is stable from the information that these coeffi- 
cients belongs to some intervals: 

a^<ak<a^, 0<k<n. (14.2) 

Applying this criterion, one need to construct certain polynomials from the 
given numbers a'j^ , a^, < k < n . (There are finitely many such polynomi- 
als.) If all these polynomials are stable, then the arbitrary polynomial f{t), 
(114. ip . whose coefficients satisfy the inequalities (114. 2p . is stable. 

2. In the example of a convex set V whose Minkowski polynomial is not 
dissipative, the set V are very 'flattened' in some direction. (See Theorem 

O) 

What one can say about Minkowski polynomials of those convex set V which 
are 'isotropic' ? 

The notion of isotropy may be defined in the following way. 

DEFINITION 14.1: The solid convex set V , V G M", is said to be isotropic 
(with respect to the point 0), if the integral 

J \{x,e)\'^dvnix) 

V 

takes the same value (i.e. is constant with respect to e) for every vector 
e G M"' such that (e, e) = 1 . Here {. , .) is the standard scalar product in W^, 
and dvn{x) is the standard n-dimensional element on volume. 
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